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ABSTRACT. This paper considers simple discrete-time hidden Markov models
in which both the state and observation spaces are of size two, say {0,1}. Here,
the exact formula for Bayesian posterior mean of the parameters is presented,
which is constructed with a particular type of models in mind; i.e., the models
for which one of the two values of the observation sequence (0 in this paper) is
dominant than the other; though it also works for other type of models, too,
of course. The formula has been vigorously verified empirically, using our own
algorithm.

1. INTRODUCTION

Hidden Markov models (HMMs) consist of a Markov chain of ‘hidden’ states and
an output sequence that can be observed and statistically depends on the states.
The models are widely used in diverse areas; for example, traffic modeling (Heffes
& Lucantoni, 1986; Wei et al. | 2002; Heyman & Lucantoni, 2003; Scott & Smyth,
2003; Nogueira et al., 2004), bioinformatics (Pavlovic et al., 2002; Sinha et al. |
2003; Cooper & Lipsitch, 2004), event detection (Jana & Dey, 2000), inventory
control (Ching, 1997), seismology (Oliveros et al., 2008), and wind time series
(Ailliot et al., 2006), to name a few.

One of our previous algorithms, the first version of the algorithm, considers a
discrete-time time-homogeneous hidden Markov models, for which both the state
and observation spaces are discrete and of any finite size. It finds the exact value
of Bayesian posterior mean (BPM) parameter estimates in a polynomial time with
respect to the sequence length (Murakami & Taylor, 2006). Another algorithm,
which is an extension of the first one, deals with Poisson hidden Markov models
(Murakami, 2009). In this paper, we simply present an exact expression for the
BPM, which we empirically verified using the algorithms mentioned above. It is
obvious the formula can be modified to support higher dimensions of the state
and /or observation space than two; however, it is beyond the scope of this paper.

However, this paper does not suggest any practical use of the formula (although
there could be some), nor claim that this formula would help speed up the process
of finding the Bayesian posterior mean (BPM) parameter estimates. We simply
hope it would provide some deeper understanding of HMMs.
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The HMM we consider in this paper is defined in Section 2, a basic but not too
detailed expression for the BPM is shown in Section 3, and identifiability issues of
HMMs that we consider in this paper is briefly explained in Section 4.

To find the BPM, the most time-consuming task is to find the frequency for each
possible combination of certain ‘counts’ (for example, one of these counts is the
number of times 1 is observed when the state is 0) that we obtain by considering
all the possible Markov chain realizations. The notations and definitions of the
quantities that we use to find these frequencies are specified in Section 5; and two
functions that we use to compute these frequencies is described in Section 6. The
formula is finally described in Section 7, and the conclusions are in Section 8.

As for appendices, the derivation and the details of the BPM formula is given
in Appendix A, and the actual ranges of the quantities introduced in Section 5 are
shown in Appendix B.

2. HiIbDEN MARKOV MODELS

Consider a time-homogeneous discrete-time hidden Markov model consists of
a Markov chain that we cannot observe S¥™ = (S}, Sy, S3, ...,S,), Si € (x,
and an observation sequence O'" = (Oy, Oy, O3, ...,0,), O, € (y, for some
positive integer n and for (x = ¢y = {0,1}. Also, let the transition matrix be
A = {a;j}ijecy, the emission matrix be B = {by, }iccyuecy, and II = {r; }iec,, be
the initial probabilities so that a;; = P (Syy1 =j | Sy =) for t =1,2, ... ,n—1,
while b;, = P(Oy =u | S;=1i)and r; = P(S; =) fort =1,2, ..., n.

Let 8 = {A, B,II} be the parameter set, where II = {r;};cc,. Then, by the
independence in the conditional probabilities of the HMMs, the probability (or
the likelihood) of S and O'™ given a parameter set 6 is a product of elements
of 6 as shown in below.

P(S*™, 0" | 0) =r b, , a

51785101 751 52 sz oy "7 bsnfl On—1 a/snfl Sn bSn On

Putting the factors with the same base together, we can express the above also as

m R kij Slin lLiw(S1m, OLin
(1) p(s*. o 10y =r, ] %( ) 11 bw( )

4,5 €Cx iEC{X
u ey

where k;; and [;,, are the counts such that
n—1
ki (S™") =) I{S, =i and Sy = j}

t=1
n

liu (Slm, Olin) — ZI{St =17 and Ot = u}
t=1
Let K, = {kij}ijecy and Ly, = {liu}iecx uecy - 1t is clear to see that the counts K,
and L,, are complete data sufficient statistics.
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3. Basics orF BPM ESTIMATES

The BPM of the parameter set 6 is the expected value of 6 given an observation
sequence O'". Denote the range of §# = {A, B,I1} as © = {R 4, Rp, R} where
A and B are 2 x 2 probability matrices under the restriction agy > a1, to avoid
‘averaging up’ the symmetry (see Section 4), and II is a length-2 probability vector;
while R4, Rp, and Ry are the natural domain of A, B, and II, respectively.

Let K,, and L,, be matrices such that K, = {k;;} and L,, = {l;,}, 7, j,u, € {0, 1}.
Then, the Bayesian posterior mean is, taking the marginal distribution with respect
to the underlying Markov chain S*",

N L 6)P Sl:n Ol:n 8 d@
o= [ op (o) 0ty an - e Joco PP (5,0 6) P(6)
6O Zsmeg fee@ (ST, O | 9) P(6) df

where €2, is the set of all possible Markov chain realizations of length n (see
Appendix A for more details). But, from (1) we see that P (S*" O¥" | §) can be
written as a function of K,, = K,,(S*") and L,, = L,(S*", O'™). So, define f as

f (Kn,Ln,9> — f (Kn(sl:n)7 Ln(Slm, Ol:n),e) =P (511:717 Ol:n | 0) )
Now, we can rewrite the estimate 6 above as

22 oty etn No(Kny L) + Jyeq 0F (K, L, 0)P(0) dO
Z(Kn,Ln)eﬁnN KTL?L fge@ KnaLme)P<9> do '

(2) 0=

where Q,, is the domain of (K,, L,) given an observation sequence O'" and
N (K, Ly,) is the frequency of each (K, L,). Our algorithm is used to find this
frequency N, (K,, L,). For the exact formula for the integrations that appear in
(2), see Appendix A.

4. IDENTIFIABILITY OF HMMS

As for identifiability problem of HMMs, in this paper we only consider so-called
‘label-switching’” problem, which becomes an issue especially when the estimate is
the BPM. It is due to the symmetries in the probability distribution that exist
because any permutation of the labels of the states would not change the likeli-
hood of the observation sequence when the prior is set to be symmetric. Many
discussions have been made and various methods have been proposed, usually
through the context of HMMs as an extension of mixture models (Celeux et al.,
2000; Stephens, 2000; Capppé et al., 2005); however, it is beyond the scope of this
paper. Here we simply order the diagonal elements of the transition matrix, which
alters the otherwise symmetric prior (see Appendix A).
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TaBLE 1. Example of Sequences

l E B s s e |7 8 o |10
o 10 0 1 0 0 o0 1 1 0 1
Y, V=3 Y2 =4 Vs =1 Vi =2
St 1 0 0 1 1 0 0 1 1 0
(<_ ny =0 ) nz/l\:3 ngj:? n4T—8 ns=10

5. NOTATIONS FOR THE QUANTITIES THAT WE USE TO FIND THE
FREQUENCY OF EAacH COUNT (K, L,)

Consider separating an observation sequence of 0’s and 1’s as a sequence of
subsequences, each of which consists of consecutive 0’s followed by a single 1 or a
single 1 with no preceding 0. We consider a sequence (Y,Y5, ...,Y,,), where Y,
p=1,2 ...,m, is the length of pth sub-interval, and m is the total number of
I’s in O¥". For example, if O = (1, 0, 0, 1) then we get (Y;,Y3) = (1, 3), and
if O119 =(0,0,1,0,0,0, 1, 1,0, 1) then we get (Y7, Y5, Y3, Yy) = (3,4, 1, 2) as
shown in Figure 1.

Here, for the simplicity of the algorithm, we only consider observation sequences
O™ that end with 1. Furthermore, define n,, as the time when O; = 1 happens
for the p-th time; in other words, O,, = 1 and the cardinality of the set {t: O; =
1,t <n,} is p.

While our previous algorithm finds the frequency N, (K,, L,) by sequentially
processing O, for each t =1, 2, ..., n, the formula here consider Y, for each p =1,
2, ...,m, favoring the observation sequences of dominant 0’s and spread-out 1’s.

0 ifp=1
n, = 4 22
Py ifp>1
j=1
(Note, by the definition, n, + Y, = n,41.) Now, let §, be an indicator such that it

is 0 if the number of jumps in the p-th interval, which is defined more precisely in
below, is even and 1 if it is odd; i.e.,

( Yl—l
0 ifp=1and Z I{S; # Si11} is even,
t=1
5}7 — np+Yp—1
0 ifp>1and Z I{S; # Si11} is even, and
t=nyp
(1 if otherwise.
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For example, in Figure 1, consider the second interval and its previous state S37
= (S3 S4 S5 Sg S7) = (0 1100). Since jumps are at S3 =0 # Sy =1 and S5 = 1
# Sg = 0, the state jumps twice (even times); hence, do = 0.

In addition, let oy, be the number of times the state changes from 0 to 1 ; let 3,
be 1 if the state is 1 when the pth event occurs (or when ¢t = n,+Y, = n,.+1), and
0 otherwise, which makes 3, = S, 1y,; and let 7, be the total number of times the
state is 1 in the p-th subsequence. In other words, for p =1, 2, ..., m, let

(Y1—1

d IS =0and Sy =1}  ifp=1
t=1
Oép = s

np+Yp—1
Z I{S;=0and Siy1 =1} ifp>1
\ t=np
np+Yp
ﬁp = I{Snp+yp = 1} = S”p+yp7 and Yp = Z I{St — 1}
t=np+1

For example, in Figure 1, ap = 1 since S3 = 0 and Sy = 1 in S*7, By = 0 since
S7 =0 when O; =1, and v, = 2 since S; = 1 twice at t = 4 and 5 in S*7.

Furthermore, as short-hand notations, define a cumulative indicator 6% and
cumulative counts a®, %) and 4 as shown below.

P
50 0 if Z 0; 1s even
- i=1 ’

1 if otherwise

a?) = iai, B® = iﬁi, and A = i%-
=1 =1 =1

So, when p = m (= the total number of events), 6™ is the indicator whether the
number of state changes in S¥" is even or odd; o™ = kyi; S = l1;; and ~™ is
the total number of 1’s in S1™.

Now, a simple observation shows, if S; = 0 then S, ,y, = the state when the
pth event occurs, p = 1, 2, ..., m, is same as 6 (so that S, = §™), and o™
is equal to the total number of strings of consecutive 1’s in S'™. Also, again if
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S1 = 0, we have the following:
kop = o™
Fio = o™ — §0m)
gy = ™) — )
koo = n— 1 — (™) — Am) 4 50m)

lon =m — 5(m)
lio =™ — g™
Iy = B

Forp=1,2,...,m, let V, = (61, 02, ..., 0p, 1, Qa, ..., Qp, V1, V2, ---,Vp)s let 1
= (5(p), a®) o) v(p)), and let F,(v,) be the number of distinct Markov chain
realizations ST that produce the given v,-value. In particular, when p = m,
we have v, = ((5(m), alm  gm. fy(m)) = (S,, ko1, lir, ¥™), and F,,(vy) is the
number of distinct Markov chain realizations S'™ that produce the given v,,-value.

As we can see from the equations for conversion, there is a one-to-one corre-
spondence between v, and (K, L,) so that F,,(vy,) is equal to N,,(K,, L,) if vy,
corresponds to (K, L,), which we express as N, (K, L) = Fp(V,). The rea-
son we use v, instead of (K, L,) is that we want the algorithm to process the
sequence not n-unit-time-wise but m-event-wise.

Furthermore, as for the case S; = 1, by simply interchanging the states, 0 and
1, we see

fm(Vm) = Nn<k007k017 kl(b kn, loo7l01,lloa l11)
= Nn(kllv klOa k017 kﬂOa llOa lll7 lOOa lOl)

because the frequency does not depend on how we label the hidden states. This is
why we can fix S; = 0, and also why the probability distribution for the likelihood
function is symmetric if the prior is symmetric.

Now, in order to find F,,(v,), we consider all the valid values of a vector V,,
(i.e., the ones that result from some S'" given a particular O%") that give the
same value of v, = (5(m), alm  pm) 7(’”)). (Note the value of 3™ is determined
by 81, 02, ..., 0m. So, we do not need f,’s in V,,.) In the expression for the
frequency F,,(vy,) that comes later in (4), we first compute the number of Markov
chain realizations for each V,, of which the elements sum up to v,,, then sum the
obtained numbers up to find F,(vp,).

6. DEFINING TWO FUNCTIONS FOR THE FREQUENCY N, (K, L) = Fpn (Vi)

The two functions that we describe in this section are ‘the’ key to improve the
speed of our previous algorithm. The concept that gives us these two functions is
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that if we consider the pth time interval, the total number of the pth Markov chain
realizations S+ D:mHYs) that satisfy given values of 6%°~Y (the previous state),
d, (indicating the state changes even or odd times), a; (the number of 01’s), and
7, (the number of 1’s will be

number of ways to number of ways to
properly separate 1’s properly separate 0’s /

To this end, we define two functions f; (y, «,7,d) and f, (y, a,fy,g, 5) as

Atmana) = (171 (Y275

and

<\ 7—1—1—’5 y—y—20
f2 <y7a7775;6> - (a_1+5> < a—5 .

Here the notation (Z) is used as the usual combination function ,C), =

except that (j) is defined to be 1.
Now, let R,,(vm) be the range of V,,, given v, (see Appendix B for more details).
Then, the frequency F,(vm) = Nu(K,, L,) can be expressed as below.

al
bl(a—b)!

Fon(Vm) = Z H (the number of valid S'?-values given Vm)

Vin€Rm (vm) p=1

(3) = Z fl(YhOél;fYI,él)HfQ (}/;7705}277}276@_1)76@))
p=2

Vi €Rm (Vim)

The function f5, used for p > 1, is different from the function f; for p = 1 because
we do not consider the state before the initial state S;, while we consider the
preceding state S,,, when p > 1, and also because the initial state S; is fixed as 0.

7. ExpriCcITLY EXPRESSING FREQUENCY Fp, (V)

We now know we could express F,,(vy,) as in (4).
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(4) Funlvi) = Fou (8, ™, 507, 5m)

= X 2. 2

s efo,1}, a® eRP) 516{}2,1}7 626{;1(%),1}7
(p) (p) a1 o,l, [eDIS ,2
E(P)GRB ) y(P) R (a(p)) ey eR.

vpe{l,....m}

Z fl(}/halvf)/laél)HfQ (}/;)’ap7,yp’5(p—1)’5(p))

‘Sme{o:l}: p:2

ameRa,nu
YmER~ m

The precise ranges of a, and ~,, which are described in Appendix B, are
rather complicated mainly because of the restrictions (™ = 22;1 7, and o™ =

(Z), which appears in

Z;”:l a,. But, due to our special definition of the notation
the definition of f; and f5, we could choose simpler restrictions on these variables.

Define sets Ra1, Ry, Rap(0®V), and R, ,(§?7Y 6,) for p = 2,3,...,m as
shown below. Then, R, ; and R, ; cover the ranges of a; and 73, while R, ,(6P~1)
and R%p(5(p*1), d,) cover the ranges of o, and ,, respectively.

Rop(61) = {61,60+1,...,|Y1/2]}
Ry (61, 00) = {{O}

{0.1,...,]Y,/2]} ifér~V=0
{0,1,...,|Y,/2|} iférD=1

Ra,p (5(17*1)) — {

Ry, (5@71)’5107 )
{0}
{ap,0p+1,....Y, —a, +9,}

(Y}

{op,ap+1,....Y, —a, —,}

{0617041+1,...,Y1—041+51—1}

if 6~ =0, a, =0

if 3¢~ =0, a, >0

if -V =1, 0, =0,4,=0
if otherwise
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Furthermore, deﬁne sets Rap , Ry @) and R for p =1,2,...,m as shown below.

Then, R&p , R , and R7 cover the ranges of a®, B®) and ”y(p), respectively.

R = {30,60 +1,.., 2] 1)

RY ={0,1,...,p— 1}
p) (a(p)) — {a(p)’a(p) + 1, Ny — a(p)}

Again, the exact ranges are shown in Appendix B.

8. CONCLUSIONS

We presented the exact formula for the BPM of a discrete-time 2 x 2 HMM.
Since we do not know the exact use of the formula, yet; we decided to simply show
it here in this Web site (mathjm.com).
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APPENDIX A. DERIVATION OF BPM FORMULAS

Below is a straightforward derivation of formulas that are used for the BPM for
the HMMs with (x = ¢y = {0, 1}. By the Bayes’ formula, we have

PO, 6) _ P(O™ | 9)P(0) PO | 6)P(9)

POTO™) = "pGm) = Jya PO™0)d8 ~ Jyog POV | 6)P(0)

So, as shown in (2),

~

6=E (0|0 :/g@ep(e | O"") do
S

_ (O | 9)P(0)
/9699 (fee@ (Ot 1 0)P(0 )d9> @
- Zslneﬂ feee OP (S, 0" | 0) P(0) do
ZS“GQ” fee@ Sln otn | 0) ( )d@

_ Dt NolFn, L) fee@ 0f (K, Lo, 0) P(6) d6
Z:(Kn,Ln)eﬁn'/\[ K, Ly) fee@ Knanae)P(Q)dQ’

where

f(Kp, Ly, 0) = P (S'™ 0" | 6).
Because A and B are probability matrices, we do not need to estimate all the
elements in them. So, we will estimate the probabilities to stay in the state ¢ in
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the next time unit, a;;, and the probabilities to observe 1 when the state is i, b;1,
for i € {0,1}, as shown below.

Qoo 1 —agpo 1 — boy bo1
A= and B =
(1 — a1 a ) (]- - bll bll
As for the prior P(f), assume Dirichlet distributions for agg, ai1, be1, and by,
while assume a constant % for ro. Then, for some positive constants, p;; and g;;,

i,j € {0,1},

1 aggo—l(l _ aoo)p01—1 apil 1(1 _ au)pw_l

P(0) = -
) 2 Z(poo: po1) Z(p10,p11)
1 1 o
DI (1 — by )0
(5) H ,
i Qan qu)
where the function Z, defined as Z(a, b) = % returns the normalizing constant

such that each of the factors for P(a;;) and P(b;;) integrates to unity for i = 0,1
(Gelman et al., 1995).
Define ® and VU as below.

O(K,) = kz (=1)* k! (koo + ki1 +i+ 1) Koy
' zoz'(klo_Z> (k1 +i+41) (n — ki +17+41)!

1

li()! lﬂ'

VLl)=1||—7—7—
(L) 0 (lio + 1 + 1)!

Then, from (1) and (5),

/ f(wn,0)P(0)do
60

1 k
+ —1 —1 _ki1+ —1 —
a 00TP00 (1 aOO)k01+p01 lalil P11 (1 all)k10+p10 1

- 00
¢ 0co

H bl21+Q1l 1 bAl)liO"‘in_l do

a0~ ~
C / / aOO 1 — (loo)kma’ﬂl (1 — an)kwdandago
1

1 _
' H/ bt (1 — by )™ dbiy
0

1=0

:lq) EOO EOl P ZUO 291 ,
C klO kll llO lll
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where k;; = kij + pi; — 1 and l;, = liy, + ¢, — 1; and C' is just a constant that will
be cancelled out when we compute the expected value. We use here the restriction
apo > aqy to avoid ‘averaging out’ the symmetry in the probability distribution.
(Other choices are possible, of course, such as byy > b1.)

In the simulations for this paper, we let p;; = ¢;,, = 1 for all 4,j5,u € {0,1} so
that k;; = k;; and liw = Liw. Let Eij, i,7,€ {0,1} be a 2 x 2 matrix such that all
the entrles are 0 except for the entry on the ¢th row and jth column, which is 1.
Then, (2) can be rewritten for each element of 6 as shown below.

2 (KoL) €8t N (K L) = @ (Ko + Eo) W (L)
2 (Ko L)ty Nu(Eon, L) - @ (K) W (L)

2 (KoL) ety N (K L) - @ (Ko + E1) W (L)
Z(Kn,Ln)eﬁnNn(Knan>‘q)( n) Y (Ln)

ago = E (aoo | Olm) =

811 =F (all ’ Olm) =

>k nyet, Nu(Kn, L) - @ (K) V(L + Eon)
> (K Lyen, Nu(Kn, L) - @ (K,) ¥ (L)

>k yen No (B, L) - @ (K,) U (L, + Enn)
D (Ko L)efhn N (K, L) - @ (K,) ¥ (Ly,)

601 =F (601 | Ol:n) =

611 == E (bll ’ Ol:n) ==

APPENDIX B. MORE PRECISE RANGES OF THE ELEMENTS OF V), AND v,

Here we list the ranges of the elements of V,,, and v,,. In the algorithm, we use
cover sets of these ranges instead. In the descriptions of the ranges below, all the
quantities are discrete.

B.1. Ranges of the elements of V,,, = (01, ..., 0m,s Q15 -0y Quny Y1y -« s Ym)-
We need to consider these because the algorithm processes the Y), for each p =1, 2,

.,m. By the definition, &, € {0,1}. Now, given v,, = (6™, o™ ™ ~(™)) and
(01,-..,0y), we find the ranges for oy, and v, p =1, 2, ..., m, using the following
idea: As for oy,

a, < min {a, that results when the states are in the form (---0,1,0,1,0,1---),
the largest a, that satisfies alP™b 4 a, = al?) < a(m)} .
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As for 7, since, naturallly, the number of 1’s (or 0’s) should be greater than or
equal to the number of (0,1)’s in any sequence,
max {the smallest 7, that satisfies v, > a,,
min(7y,) that will leave enough 0’s for the rest to have &(m)}
< Y
< min {max(,) that will leave enough 1’s for the rest to have o™,

max(7y,) that will leave enough 0’s in the pth interval to have «,,}

So, to perform the necessary adjustments, we define the constants as shown below.
Define &1 max(Y1,01) and &a pmax (Y, 6071, 6,) as

—1 ifYiisevenand 6; =0
0 otherwise

ga,l,max(yvly 61) = { and
1 ifY,isodd, 6%V =0, and 6, =1
goz,p,max (Y;h 5(;0—1)7 6p) - -1 if Y}; is evel, 5(17—1) = 1, and 5p =1
0 otherwise

forp=2,...,m.
Also, we define a cumulative indicator §?*) as shown below, which makes §®
+5®H) = 50 for any p.

5+ 0 if Z 0, 1s even

i=p+1
1 if otherwise

Furthermore, define &, min (0%, 6%1) and &, pmax (6771, 6,) as

(

0 if§H =0

& pmin (0P, 0P =31 if 6@ =0 and 6¢H =1  forp=1,...,m and
—1 if §® =1 and §®H) =1

0 ifd,=0

&, p,max (5(p_1), 5p) ={ -1 if Y =0 and o, =1 forp=2,...,m.

1 ifdPV=1andé,=1

Then, straightforward (but rather time-consuming) observations lead to the facts
shown in below.

(i) For p =1:
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51 S &3] S Uoz,l (1/17 51721 zuaz (52 b 5))7 where

Uoz,l (Ylu 617 ZZ o Uai (5(i_1)7 51))
Y] e ‘
= min { {ElJ + 5a,17max(}/ia 51)7 a(m) - Z uoc,i (6(2_1)7 61)}

U~ 1 (}/17 a, a(m)’ ’y(m)a 517 6(1+)) < M < U’y 1 (Y17 an, Oé( 51) where
U~y 1 (}/170417 (m 77 5175 ) :maX{ala
,Y(TI’L) —n+ Yl + a(m) —Q — g’y,l,min (517 5(1+))}

and

0 iqu:O

U1 (Yr, aq, o™ A §5) =
'y,l(l 1 Y 1) min{fy(m)_a(m)+al’}/'1—@1—1—51—1} if g >0

(ii)) Forp=2,3,...,m

Uap (6779.6,) < ap < Ua, (Yp, Al ol 601§, S (567D, 52-)),

where

1 if ot = dé,=1
Ugp ((5(1”’1),(510) = { ! . 0 and 0, and

0 otherwise

Unp (Y, 070,00, 5070, 5, ST g (369,57 )

= min { L%J + ga,p,max (}/p’ 5(1)—1)’ 5p) )

o™ — o1 _ in: Uy i (5(1‘—1)7 51)}

i=p+1

Uy, p (Y},,ngﬂ Y;, o, a®), ) A 0=1) ~m) 5=1) 5 (5p+)) < < U,
(Y, gy a® ) 4 0=1) () 50-1) 5p), where

Uy (yp S 1 Y g, a®), 0 A1) A m) 5 5 5<p+>)

Y, if a, =0, 57V =1andd, =0
— { max {% SRR W

+am o ¢ o (5(1))7 5(P+))} otherwise
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and
U%P (YZDa Oépa a(p)’ OC(M)> 7(p_1)7 ,}/(m)7 (5(;0—1)’ 510)
0 if a, =0,V =0
= cmin{Y, — o, — & pmax (071,3,)
Fm) — 4D — oM 4 o} otherwise

B.2. Ranges of the elements of v, = ((5(’“), alm, ﬂ(m),fy(m)). From the defini-
tions, obviously 6™ € {0,1} and 8™ € {0,1, ...,m}. As for the ranges of the
sums o™ and 7™ with S; = 0, we have

al™ =ky € {1,2,...,|n/2]}
and, given a particular o™, we see 4™ ¢ {a(m), al™ 4 1,....n— a(m)} . How-

ever, if given both a(™ and 6™ (equivalently, given both ko, and S,), the range
of ™ the number of 1’s in the Markov chain, can be narrowed down to

’Y(m) S {Oé(m)a a(M) + 1a v 7’Ymax}7

o if al™ =0
Tmax = qm) s i qm) s

where
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