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Outline

Description of ‘simple’ hidden Markov models.

Description of least square error estimate 

(LSE) (or Bayes estimate). – mean

Comparison of the mode, the maximum 

likelihood estimate obtained by the Baum-

Welch (B-W) algorithm, and the mean.



What do I mean by 
‘simple’ HMMs?



‘simplest’ HMM (1)

( )n
n XXXX    ,,, 21

,1
K=

( )n
n YYYY    ,,, 21

,1
K=

{ } { }1,01,0
,1,1    and   ∈∈
nn

YX

1X 2X

1Y 2Y 3Y

3X

State sequence (Markov chain)

Observation sequence



‘simplest’ HMM (2)
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Least Square Error (LSE) Estimate
(or Bayes Estimate)



LSE (Bayes) Estimate (1)
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LSE (Bayes) Estimate (2)
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LSE (Bayes) Estimate (3)
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LSE (Bayes) Estimate (4)
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LSE (Bayes) Estimate (5)
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LSE (Bayes) Estimate (6)
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LSE (Bayes) Estimate (7)

Note: The algorithm describe in this presentation can be extended to any state 
sizes of the Markov chain and observation sequences.
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LSE (Bayes) Estimate (8)
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LSE (Bayes) Estimate (9)
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LSE (Bayes) Estimate (10)

Advantages

On average, closer than MLE (e.g., Baum-Welch 
estimates) to the true parameters when the data size is small.

Online computation is possible.

Finds the exact expected values (unbiased).

One-time computation.



LSE (Bayes) Estimate (11)

Disadvantage

Computational complexity grows still exponentially in the 
state space size.



Simulation: B-W and LSE estimates

with a small data set (1)
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Outline:

As for the Baum-Welch algorithm:

Find 15 estimates using randomly picked initial estimates.

Pick the one with the largest basin.



Simulation: B-W and LSE estimates

with a small data set (2)

On average, the B-W estimates (green dots) were farther away from the 
true parameters and less stable than LSE estimates (orange dots). 



Simulation: B-W and LSE estimates

with a small data set (3)

The estimation error in the matrices for the Markov chain and observation 
sequence are plotted separately.

From the figure on the right, we see that the less the current state matters 
to what we observe, the better the LSE becomes than the B-W.



Simulation: B-W and LSE estimates

with a small data set (4)
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On the left, the effect of the current state to the probability distribution for the 
observation is small.  The mode is unstable, while the mean is stable.

On the right, the effect is large.  The mode tend to be closer to the true 
parameter value, while the mean often stays in some distance from the mode.
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Conclusions

Depending on the application, the LSE estimates might be more 
suitable than the popular B-W estimates.

Extension of the LSE algorithm to various HMMs coming.

Further comparison of the mode and mean of the likelihood surface 
for various types of HMMs could be interesting.
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