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ABSTRACT

Hidden Markov Models (HMM) are of considerable interest for science and for various
applications. They consist of a Markov chain with “hidden” states and emissions which are
statistically dependent on the states but can be observed. The model is parameterized by
two conditional probability matrices, the transition and emission matrices.

Among the algorithms used for the parameter estimate of HMM, Baum-Welch (B-
W) algorithm is by far the most popular algorithm. However, it has some well-known
shortcomings. For example, it is only guaranteed to find a local maximum, with a strong
dependency on the initial parameters chosen. The literature notes an “overfitting” problem,
in which the B-W estimate gives high likelihood to a given observation sequence, but low
likelihood to other observation sequences of the same hidden Markov chain. As a conse-
quence of these this researcher has shown that usually the B-W estimator is inconsistent for
the simplest possible case of two hidden states and two emission states, and with a generic
choice of parameters and generic observation sequences.

The dissertation also provides an algorithm for computation of the least square
error (LSE) estimate of the hidden Markov chain. The LSE estimate is consistent by
definition, needs only one time computation, and again with the simplest possible case
of HMM described above this researcher has demonstrated the estimates are remarkably
closer to the actual parameters, with much better results than what could typically be
obtained using the B-W algorithm. A possible reason for the LSE estimation not being
very popular regarding HMM, in spite of its much superior quality of its estimates, could
be the computational complexity it requires. Although a straightforward computation could
require the complexity that increases exponentially with respect to the sequence length, this

researcher has shown that a polynomial complexity (with still exponential complexity in the
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state size) can be achieved using an algorithm proposed in this dissertation, making the LSE
estimation quite feasible in some applications such as the ones related to precipitation, heart

rate monitoring, and so on.
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CHAPTER 1

Introduction

In an HMM, an underlying unobservable Markov chain emits an output sequence
that can be observed. This model can be applied in various fields, and so the Baum-Welch
(B-W) algorithm [3, 4], which is one implementation of the Expectation Maximization (EM)
algorithm [8, 28], is used in numerous applications. Most often the algorithm is used in
speech recognition [9, 14, 15, 16, 18, 21, 27, 30]; but, also widely used in various other fields.
For example, it is used in biology [11], especially in gene analysis [?, 26, 32]; human activity
analysis [24]; data prefetching [17]; political event prediction [29]; visual pattern recognition
[7], which includes handwritten text analysis [13], facial expression recognition [22, 6], and
action recognition [19]; magnetic recording channel analysis [1]; estimation of packet loss
on internet path [31]; precipitation models [33]; heart rate variability [12]; and so on.

However, a well-known limitation of the E-M algorithm are that it is only guaranteed
to find a local optimum which, under a certain conditions, strongly depends on the initial
estimate [8, 23]. It also has an “overfitting” problem. Specifically, it fits the output sequence
well but the HMM which generated the sequence poorly. On the other hand, the least
square error (LSE) estimator can be obtained using a deterministic formula. However,
the computational complexity increases exponentially with respect to the length of the

observation sequence if it is obtained in a naive way. The algorithm that we introduce here



reduces the computational complexity to polynomial with respect the sequence length. The
complexity is still exponential in the state space size, however.

Also, the researcher studied the convergence of the B-W algorithm. The iterative
re-estimation of the parameter is a non-linear mapping, which stops when it converges to a
fixed point. By experimentally finding the Jacobian matrices for the mapping, which allows
us to see the linearization of the algorithm’s behavior, we studied the rate of convergence.

The B-W algorithm is a special case of EM algorithm. In the case of Gaussian
mixtures, Ma, Xu, and Jordan [20] had established super-exponential convergence in some
cases. In contrast of this, our empirical results show that numerical B-W “fixed points”
have linear convergence at best. It is also revealed that a certain number of numerical
“fixed points” are likely to approximate saddle points of the likelihood function, rather
than maxima.

In Chapter 2 the B-W algorithm is described with the HMM in which both state
space size and emission state size are two. Then the formula for the Jacobian is obtained,
which is used to empirically find the Jacobian determinant of the B-W algorithm for such
HMM. In Chapter 3, for the HMM with the state space size m, where m > 2 is any positive
integer, and the emission space size 2, the exact formula for the LSE estimation is shown,
together with the algorithm that significantly reduces the computational complexity with
respect to the sequence length. The formula and the algorithm are then applied to the
cases of state space size two, three, and five. Furthermore, the particle filter method is de-
scribed, which can be used to approximate the LSE estimation. In Chapter 4, experimental
results are summarized, first for the B-W algorithm, then a comparison is made with LSE
estimation mainly regarding the “overfitting” problem. The empirical results show that the

most of the time the B-W algorithm maximizes the likelihood with HMMs with its state



and emission state size two; but, it does have the “overfitting” problem, while the LSE esti-
mator has no such problem and it is closer to the true parameter than the B-W estimator.

The above conclusions are summarized in Chapter 5.

1. Hidden Markov Models

In a hidden Markov model (HMM), we have two sequences of states for discrete
time ¢: one for the states of a Markov chain (the state sequence) and one for the observed
states (the observation sequence). The states of the Markov chain cannot be observed (are
hidden), while the observed states depend on them.

Let S1,52,53,... be a Markov chain, and assume we only know the corresponding
observed states O1, 02, Os, ... Although the dimensions of the state space are mainly set to
two for both sequences in this paper, they can be easily extended to a larger size.

Denote state sequences as S™" = (Sp,, Sm+1, - - -, Sn) and observation sequences as

O™" = (O, Omt1, - - -, Op). With a HMM, we have the following properties:

P(St41|0M, M) = P(Sp4118) (1.1)

and

P(O;|OM~L ottt glmy = P(0,]S)) (1.2)

for any 1 <t <mn.
The first property (1.1) is a property of a Markov chain: The probability of transition
from a state S; at time ¢ to the next state S;11 at time ¢t 4+ 1 depends only on the current

state S¢, and not on any prior states. The second property (1.2) shows that the probability



of the observed state O; at time ¢ depends only on the current state of the Markov chain
state S¢, and not on any other states of the state sequence nor on any other observed states.

Hence, to describe a HMM, we need two probability matrices — one for the state se-
quence (of the Markov chain) and the other for the observation sequence — plus a probability
vector for the initial states. Let the state space sizes for the state sequence and the obser-
vation sequence be m4 and mp, respectively. Also, for simplicity, we assign non-negative
integers to the states. Let the state space be {0,1,2,...,myq —1} and {0,1,2,...,mp — 1}
for the state sequence and the observation sequence, respectively. Furthermore, let the
matrix for the state sequence be A = {a;;}, the matrix for the observation sequence be
B = {bi}, and the vector of probabilities for the initial state be m = (o, 71,..., Tm,—1),

where 7,7 € {0,1,...,mq — 1} and k € {0,1,...,mp — 1} so that, for any ¢,

aij :P(StJrl :j ’ St:i),

blk:P(Ot:k|St:Z), and

Hence, A is a m4 X m4 matrix, B is a m4 X mp matrix, and 7 is a vector of length m 4.
Now, we let § = {r, A, B}, the parameter set for the HMM.
For example, consider the case my4 = mp = 2; i.e., the state space is {0, 1} for both
sequences, A and B are 2 X 2 matrices, and 7 is a length 2 vector, and the HMM can be
described as follows:

Let

apo aoil a a—1

ailp ail b—1 b



be the transition matrix (for the state sequence) and

bo() b01 T 1—2x
B = = (1.4)
bio b1 -y gy
be the emission matrix (for the observation sequence) so that, for all discrete time ¢ > 1

and i, j, k € {0,1},

ajj = P(Sip1 =7 S =1)

is the probability of transferring from state i to state j, and

bik = P(Or =k | 5¢ =)

is the probability of observing state k when the transition state is 7. Also, let

be the probability for the initial state of the state sequence being i, and let
7= (mg,m)" = (r,1 —7)T. (1.5)

We try to find an estimator for § = {m, A, B}, and in this paper we consider two
types of parameter estimators, which are the maximum likelihood estimator (using the B-W
algorithm) and the least square estimator. In general, these two estimation methods can
be described as follows:

Let X = (X1,Xy,...,X,) be random variables with the probability distribution
function f(x | 0), where x = z1,22,...,2,) is a particular outcome and 6 is a set of

parameters to estimate.



2. Maximum Likelihood Estimation

We find the value for 6 so that the probability of a particular outcome x is as high
as possible.

The function L;(0) = f(x | €), the probability of having a particular outcome x
given the parameter being 0, is called a likelihood function. So, the estimator, a1, can be
expressed as

Orr = arg m@aXLx(H).
For the same purpose, instead of the likelihood function above, the log likelihood function

log L, (#) can be used, which gives

Oy = arg mgmx[log L.(9)].

3. Least Square Estimation

Let ' = 6'(X) be the estimator of §. We find 6’ so that the mean square error of
¢, E||0'(x) — 0]]%, is as small as possible. Then, ¢ (z) is E(0 | x), the expected value of the
parameter set given particular observed data x. Thus, the estimator ;g can be expressed

as

Ors = E(0 | z).

By the definition, the estimate is unbiased and the variance is minimum.



CHAPTER 2

Baum-Welch Algorithm

1. What is the Baum-Welch Algorithm?

Let ©,, be the space of all possible state sequences S = (51, 5,...,5,), S; € {0,1},
i=1,...,n. As before, let O'" = (01,03, ...,0,) be the observation sequence. The goal
is to find a parameter set § that maximizes the likelihood function L(¢) = P(OY", S1m | 9).
So, we try to maximize the expected value of its log likelihood function.

As one of the implementations of EM Algorithm, B-W algorithm consists of E-steps
and M-steps.

E-step: Let 0 be the current estimate, and define a function @) for the expected value
of the log likelihood function L(#) = P (O, 5™ | §) (the probability of sequences O"
and S given that the parameter is ) given an observation sequence O and the current

parameter estimate 0 as shown below.

—E [logL Olvn,é]
—E [logP (O'n, §1m | oL, ) |01»",é]

= > [logP (0,5 | 9)] P (51 O, 8).

sl neQn

We are supposed to look for the value of 6 that will maximize ). However, P (5 | Oobn, é)



is hard to find. But, using the Baye’s formula, we get
X p (Ol’”, s | é)
p(siotnd) = 0010
P (om | 9)
We note that P (Ol’” | é) does not depend on 6, so that in place of argmaxg @) it is easier
to compute arg maxg @ where
é (979A> = Z log [P (Ol,n781,n ‘ 9)} P (Ol,n?sl,n ’ é)
sbneQ,

Note that s" is a random variable here, while O™ and 6 are constants.

M-Step: As for the iteration steps, what we have is then
60+ = argmax Q (0, e<k>) k=0,1,2,...

For notational convenience, let us consider S" = (Sp, S1, Sa, ..., Sy) instead of S*". Then

we can write, for particular sequences s%" and o',

n
1n On _ _
P (0 ;s | ‘9) = Tso (%05153101%15255202 : "aansnbsnon) = Tso Hasz'Asz'bsz'oz'-
t=1

Taking the log of the above, we can use the Lagrange multiplier to optimize QV term-wise

individually for each parameter. The result is the Baum-Welch algorithm [28, 3, 5].

1.1. Derivation. First, we rewrite () so that we can maximize term-wise for each

parameters.

a(0d)- ¥

517"6 Qn

n
P (OL”, shm | é) log g, + ZP (Olm, st | é) log as, 15,
t=1

+§:P (Ol,n’ shn | é) log bStot]

t=1

Now the first term is actually



1
1n 1n|j — 1,n —i1h .
Z P(O ,S ]9>log7rso ;P<O , S0 z|9)10g7rl

sbneQ,

because by summing up all the possible state sequence values, we end up having the marginal
distribution for the first state. Using the constraint 21'1:0 m; = 1 and the Lagrange multiplier

A, and letting the partial derivative be zero, we get, for ¢ = 0, 1,

1

1
8772 Z <01’n,80:j|é)logm+)\ z%m—l =0
j=

7=0

iP(Olv",soziyé)JrAzo

™
so that

1

iP (Ol’”,so =0 é) =—P (Ol’”,so =1 é) :

0

Solving the above, we get the formula for the next estimate of m; as below.

B P(Olyn,sozﬂé) _P<Ol’",50:i|é) N
: Yo P (Ol’"730 =7l é) P (01,n | é) (2.1)

The second term involving a;; can be rewritten as

n 1 1 n
I SICEREIT NN 3) 3) ST CErSEREnT)
sbneQ, t=1 =0 j=0 t=1

where the right hand side is the marginal probability for ¢ —1 and ¢. So, using the restriction

Z}:o a;; = 1 for 1 = 0,1 and the Lagrange multipliers Ao and A1, we have

1 1 n
Oa: [ZZZP(OMSt 1_kst_l’9>10gakl+z)\k (Zam—l)] 0.
ij

k=0 1=0 t=1

Taking the partial derivatives, we get

1 « R
- P(Olv",st_lzz',st:jye>+Ai:0 for 7,7 € {0,1}.
Y o=1
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Solving this system of four equations, we see that the next estimate for a;; should be set as

Z?:l P (Ol’n,St_l = i,St :_] ‘ é) Z?:l P (Ol’n, St—1 — i,St = j | é)

B leczo Z?:l P (Ol’nvst—l =i,s8=k ‘ é) Z?:l P (Olmvst—l =1 | é)

aij

(2.2)
Finally as for the parameters b;;, we can rewrite the third term as
n 1 n A
S 3P (076 1) losho, = 35 P (0150 = i 0) oghio
stneQ, t=1 i=0 t=1
where the right hand side is the marginal distribution for time ¢. Then, using the restriction
Zl bjj = 1 for 7 = 0,1 and the Lagrange multipliers A\p and \;, we have

§=0
8 1 n X 1 1
b [ZZP (Ol,n,St =k| 9) log bxo, +Z/\k (Zbkl - 1>] =0.
YLk k=0

=0 t=1 =0

Since only the terms with b;; counts when taken the partial derivative, this implies

1 1
ZP (Ol’n>8t =1 | é) logbiot +Z)\k (Zbkl — 1)] =0
k=0 =0

%ZP(OI,R’&:Z'|é>5j(0t)+)\i:() fori=0,1

where § is defined as

0 ifv#j.

Therefore, we set the next estimates for b;; to be

b Sia P (0 s =i]0)5,00 X P (O si=i10)5(0) s
ij = . = — (@
Shoo X P (01 s =i18)8(0) i, P (05 =i10)

Now, in order to simplify the expressions for the next estimates of m;, a;;, and b;;

that we have just obtained above, i.e., (2.1), (2.2), and (2.3), we define ~;(t) and &;;(t) for



11

i,7 € {0,1} as follows:

P(oln —z|9)

P(o'n|d)
. . 1 N P <St - ia St4+1 :.] ‘ Ol7n7é>
§ij(t) =P (St =i,8t41 =710 ’n,9> = - (2.5)
P(o'n|d)
Then, the estimates can be rewritten using 7;(t) and &;;(t) as shown below.

™ = 7i(t) (2.6)

i (T
ai; = Zt 1 §is(1) (2.7)

> ()
by — thlnj( £)7i(t) (2.8)

> i1 ilt)

For actual computation, we further define two more variables, «;(t) and 3;(t) for i = 0,1,

as

ai(t) = P (olvt, 5o =i | é) and  f;(t) = P (otﬂm | 50 = 29) : (2.9)
and express v;(t) and &;;(t) using these variables. Basically, in order to do so, we just need
to use the probability property P(A, B) = P(A | B)P(B) and the properties of HMM to

rewrite y;(t) and &;(t) as shown below. Given the current parameter set 8, we have

P(O'" s, =1i) = P (0", 01" s =)
=P (0", s, =i) P (O | O, 5, = i)
=P (0", s, =i) P (O™ | 5, = 1)
= ai()Bi(t)

which implies

oP(ots=il0) s
vilt) = IS (Olv” | é) L an()B.(t)




12
and

P (OY" sy =1i,5001 = j) = P (O, 041, 02" 5y = i 5041 = j)
=P (0", sy =) P (Op41,0"2" 5141 = j | OV, 5, = 4)
=P (0", sy =1) P (s131 =4 | OM, sy = 1)
P (041,027 [ OM 5y = i, 5141 = j)
=P (0", sy =1) P (s441 =7 | 8t =1)
P (Op1 | O, s =4, 8041 = j)
P (O"27 | OM, 041,80 = i, 5141 = J)
=P (0", sy =i) P(s441 =] | 8t =1)
P (Ops1 | st41=7) P (O"F>" | 5141 = j)

= ;(t) aij bjo,., Bi(t+1)

which implies

é (t) _ P <Ol’n7 St =1, St+1 =] ’ 9) _ Oél(t) dl] IA)jOt+1 B](t + 1)
Y P (OL” | é) > =0 Do Qo (t) G buy Oup1 Bu(t +1)

where 6 = {7, A, B}, A = {ai;}, and B= {IA)ZJ} So, we see that if the values of «;(t) and
Bi(t) are obtained, then we can find the values of ;(t) and &;(t), which then give the value

k+1) can be found given the current estimate 6 = 0. But, a;(t) and

of the next estimate 6
Bi(t) can be found recursively as we can see by rewriting them using the HMM properties

(1.1) and (1.2), and using the concept of marginal distributions.

First, we express a;(t + 1) using a;(t) as follows:
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By the definition (2.9), given 6, o;(t) can be expressed as

a;(t)y=P (Ol’t, sp =1)

= ) PO, 8M S =)

Sl,tfle Qt71

= >  POY|SYL S =i)P (S5 =),

Sht-1eQ,

and so a;(t + 1) is

ait+1)= Y P(OY S Sy =i) P(SM, 811 =1).
Slteg Q4

Then

ai(t+1)= Y P(O",0p1 | 8", Sy =) P (Sip1 =i | SV) P (S™)
Sl’tGQt

= Y PO |SY)P (01| Ses1 =) P(Sps1 =1 | Sp) P (S)
Sl,teﬂt

= Y P(OM| SV 8) P(Ory1 | Sppr = i) P(Sppa =i | ) P (SY71,9)

Sl,tth
= Y P(Sp=ilS=j5) Y POV S =4)P (s S =)
j€{0,1} SLit=1eQ, 4

P (Op41 = 0441 | Seq1 = 1)

= ( Z ajiaj(t)) bi0t+1'

je{0,1}

Similarly, we can express (3;(t) using 5;(t + 1) as follows:
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Given 60, we have

Bi(t+1)=P (Ot+2’n | Spy1 =1)

_ Z P (Ot+2,n’ St+2,n ’ St+1 — ’L)

St+2,neQn_t_1

— Z P (Ot+2,n | St+2,n7St+1 — 1/) P (St+2,n | St+l — ’L)

St+2’n€Qn7t71

_ Z P (Ot+2,n | St+2,n) P (St+2,n ‘ Sip1 = Z)

St+2’n€Qn—t—1

and so
pity= Y. PO S P (ST 5 =)
St+lneQ, 4
Then, we get
Bit)y= > P (01,0 | S0, 875") P (Sip1, 872" | S = i)
St+lneQ, 4

= Z P (OtJrl ’ Ot+2,n7 Spi1, St+2,n) P (Ot+2,n ’ S St“v")

St+1’nEQn—t
P (ST ] 81,8 = 1) P (Spq1 | Si =)

- Z P (O¢y1 | St1) P (O“F?m | St+2,n)

St+1’nEQn7t

P (S| Spyq) P (Sppa | Se =)

= Y P(Si1=4|8=1i)P(Or11 =011 Sey1=1)
jefo1}

Z P (Ot+2,n | SH—Q’”) P (St+2,n ‘ St—i—l _ ])

St+2’nEQn7t71

= Z Q5 bjot+1ﬁj(t + 1)

j€{0,1}

Thus, we get the B-W algorithm, which is outlined and then described below.



of 6.
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1.2. Baum-Welch Algorithm. Let 6(%) = (ﬁ(k),A(k),B(k)) be the kth estimate

For k = 0: Choose the initial parameter estimate 8) = (0.

For k > 0: Repeat until 8%) ~ gk+1),

Using the current estimate 6(*)

. forward procedure: Find al(k) (t), which is the probability of S; being i and the partial

observation sequence up to time ¢ being o' = (01, 02,...,0;), fort =1ton, i =0, 1.

. backward procedure: Find ﬁi(k) (t), which is the probability of partial observation

t+1n _ (

sequence after time t being o Ot41, 0442, --,0n), given that S; being i, for

t=ndowntol,¢t=0,1.

. Using the values of o) (t) and @@) (t), find 'y-(k) (t), which is the probability of S; being

7 7

i, fort=1ton,i=0,1.

. Using the values of 7-(k) (1), ﬁ-(k) (t), and ﬁi(k) (t+1), find fg?) (t), which is the probability

(2 (2

of the current state S; being i and the next state S;y; being j, for t = 1 to n — 1,

i,j=0,1.

. Find a new estimate 0*t1 using the fact that Yoy ’yi(k) (t) is the expected total

(k)

number of transitions away from state ¢, and Z?;ll §; (t) is the expected number of

transitions from state i to state j in the sequence S%™.

A little more detailed algorithm for case the state space for both state and observa-

tion sequences being {0, 1} is as follows:
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MAIN (The Baum-Welch Algorithm)
repeat until %) ~ 9k+1)
a®) = forward_procedure (Ol’",ﬁ(k))
Bk = backward_procedure (01’", H(k))
Y *) = get_y (P, pK))
¢ = get ¢ (OY™, a®), k) g(k))
0+ = get_new_estimates (O™, v, ¢(k))

end

forward_procedure (Ol’”, 0)
Oéi(l) = 7Tibz‘,01

ai(t + 1) = (ag(t)a()i + al(t)ah-) bi70t+1

ap(l) --+ ag(n)
return o =

ar(1) -+ ai(n)

fori=0,1

fort=0,1landt=1,...,n—1

backward_procedure (01’”, 9)

ﬁz(n) =1

fori=0,1

ﬁl(t) = aiob070t+1ﬂ0(t =+ 1) =+ ailbl,ot+151(t + 1) for 1 = 0, land t = 1, e, N = 1

Bo(1) - PBo(n)

return g =

pi(1) - Bi(n)




get_y(a, B)
i ai(t)fi(t) or i = and t =
Vi(t) = ST B ) f 0,landt=1,...
Yo(1) Yo(n)
return v =
71(1) 71(n)

,

17

get*f (OLna «, ﬁa 9)

£5(t) = @i (t)aijbjon, B5(t +1)

qujzo quvzo () @vwbu,op 1 B (t + 1)

for i,7 € {0,1}

andt=1,...,n—1

oo(t) &or(t)
§10(t) &11(t)

return £ = (£(1)---&(n — 1)) where £(t) =

get_new_estimates(O", £, v)

i = (1) fori=0,1

n—1
&U = Ztn:_llé-zj( ) for 1/’] _ 07 1

- ) i(t
bik = Zt:ln k(0)7it) for i,k =0,1
21 7i(t)
1 ifvo=k
where §x(v) =
0 ifv#£k

return 0 = (7, A, B)
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Note that because of the forward and backward procedures that are executed for each kth
iteration for a new set of estimates §(), literally the entire computation has to be done for

any additional emission state.

2. Rate of Convergence

Let ¢ be such that ¢ (Q(k)) = 0% +1) where %) is the kth estimate of § using Baum-
Welch Algorithm. The operator ¢ involves the forward and backward procedures, in which
matrices a and (§ are obtained through iterative computations that go in the different
directions of time t. So, ¢ is a non-linear map that cannot be expressed as a combination
of ordinary matrix operations, which makes it very difficult, if not impossible, to find its
rate of convergence algebraically. Hence, we choose to approximate it experimentally, by

observing the linearized behavior of ¢; i.e., by finding its Jacobian experimentally.

2.1. Jacobian. Utilizing the fact that ¢ is composed of several iterative computa-
tions, the Jacobian is computed also iteratively as the B-W Algorithm goes through its own
iterations. Here we consider the case when both the transition and observation sequences
have a state space {0,1}; i.e., the case myq = mp = 2.

For a notational convenience, let
0 = (T7 a7 bax7y)

and let

QZ)(Q) = (d’r(e)v ¢a(0)7 ¢b(9)7 QZ)x(Q)’ Qby(e)),



19

where r, a, b, z, and y, are as defined in equations (1.5), (1.3) and (1.4). What we try to

find is the Jacobian

99

20 —

Opr 0P  O¢y O¢r Oy
or Oa 0b Oxr Oy
0pa  0pa Oda 0¢a Odq
or Oda 0b Oxr Oy
o0, Oy % 06, Oy
or Oda 0b 0x Oy
Opz  Opy  0¢s 09 Oy
dr Oda 0b Or Oy
06, 06, 96, 06, 00,
dr  Oa 0b Or Oy

First we rewrite the B-W Algorithm so that finding the partial derivatives can be found

easier. For example, as for the forward procedure, which is

a;(1) = mibi o

a;(t +1) = (ao(t)ao; + a1(t)ais) bio,,

we rewrite it as

Qi1 =

)

and, fort =2,...,n—1,

Qi t4+1 =

r(1—x)
(1-r)1-y)
(I—=r)y

ifi=0and o1 =0
ifi=0and o =1
ifi=1and o =0

ifi=1land o1 =1

[acps+ (1 —b)ait]x
[acps+ (1 —b)ai] (1 —2x)
[(1—a)aos +bais] (1—y)

[(I—a)apr+bait]y

fori=0,1,

fori=0,1and t=2,...

ifi=0and 0441 =0

ifi=0and o441 =1

ifi=1and 0,41 =0

ifi=1and o441 = 1.
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Note, we also rewrote a;(t) as «;+ to simplify the notation, since it is rather a function of ¢

than t now, and note that « is a matrix of functions, each of which elements is a function

of #. Then, we first find % «a and % G, for u=r,a,b,z,y, as shown below.

As for % a with t = 1, we have

o bo,0, ifi=0
or ot
by ifi=1
0
%O[Z’71:O foriZO,l
0
%ai,l:o fori =0,1
r ifi=0and o1 =0
0
%O‘i,lz —r ifi=0and o =1
0 ifi=1
0 ifi=0
0
OoTyO‘i,l r—1 ifi=1lando; =0
1—r ifi=1lando; =1
and with ¢t =1,...,n — 1, we have
0 0 0 e
oy Yittl = (CLOiar Qg + g - Oél,t) bio,,, ifi=0,1

0

da

Qi t+1 =

0

(6101(9@ Qpt — ot + a1l

0 0
apgo—=— oot + oot +alo=— a1t | boo ifi=0
60/ ) ) 8(]/ ) ;0t+1

0 e
% 041.15) b170t+1 ifi=1
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0 0 e
(aooab oot + a0 57 1 — al,t) boo,, ifi=0

0 ob
G i =
8() 7,t+1 a 8
(CLOlab oo, + 011% ayy + Oél,t) bio,, ifi=1
ago o +aro iy + fo(8,0)boo  if i =0, 0041 =0
a . —
g Yottt = —ago aoy — aro g + fr(t,0)bo1 if i =0, 0041 =1
kfﬂf}(t? 1) b1,0t+1 lf Z == 1
fy(t7 O) b0,0t+1 ifi=0
8 J—
gy Y0 = | —aocos —arrang + fy (6, 1) bio i i =1, 0001 =0
aopr oo+ arr i + fy(t, 1) bia ifi=1,041=1

, 0
where f,(t,1) = agi%aoﬂg + ali%au foru =x,y. (2.10)

Note that, since o; is known and since what we are computing is % #(0%)) for a fixed ),

the parameter estimates a = a(k), b=bk, and bi o, = bl(]z)t are constants. So are the values
a%oei(t) = %ai,t = %ai,t foreacht =1,...,n.

As for the backward procedure, from which we obtain 8% 08, if t = n, we have

0

—Bin=0 fori=0,1and u=r,a,b,z,y
ou

because ;(n) =1 for i =0,1. With ¢t =1,...,n — 1, we have

Bi(t) = aiobo,o,, Fo(t + 1) + aiibi o, B1(t + 1).



We first define v, for 1 <t <n —1, as

Vi1 (J) = aijbjo Bt +1) =

b(1—y)A(t+1)
by Bi(t +1)
so that
Bi(t) = 1hi.1(0) + ¥is(1 szt

Then, fort=1,...,n—1,

) ) L9
9u Bi(t) = u Bit = ]Z:; ou Vi e(4)
where the values of the partial derivativeb

1o}
I Yit(j) =0

;

ai;bj, o1 g

0

az Bo(t + 1)
a(l —x)fo(t +1)
(I—a)(l—y) At +1)
(I—a)ypi(t+1)
(L=b)xfo(t+1)

(1=b)(1 —2)Po(t+1)

ﬁg t+1

for i,7 € {0,1}

ifi=0,j=0,0141=0

ifi=0,j=0,0041 =1

ifi=0,j=10141=0

ifi=0,j=1001=1

ifizl,jIO,OH_l:O

ifi=1,5=00041 =1

ifi=1,j=10041=0

if i = ]-aj = ]-aot-i-l = 17

fori=0,1and u=r,a,b,x,y,

@Z)Z +(j)’s are computed as shown below.

bo,0.1 <aoo Bo,t+1 + Bo t+1) ifi=0,7=0

e 0 e .
%%vt(])_ b1,0041 <a01 B4l — 51,t+1> ifi=0,7=1

ifi=1

22

(2.11)
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;

a . .
05,0141 b Bjt+1 ifi=0

0 ) 0
% Vit(7) = bo.opss <a108b Bot+1 — 50,t+1> ifi=1,7=0

0 o .
1,014 <a11 % Bri+1 + ﬁ1,t+1> ifi=1,5=1

;

0 e
aio (boo Bo,t+1 + Bo t+1> it j=0,041=0

0 ‘ 0
o Yit(J) = 4 aio (b016 Bot+1 — 50,t+1> ifj=0,041=1

0
i1 b — if =1
| 91 Do B1t+1 it j
0 o
ai0bo,0,41 87y Bo,t+1 ifj=0

o o
oy Vit(J) = 9§ an (bloa Bri+1 — 51,t+1> if j=1,0.41=0

a1 <b11 Bie+1 + B t+1> it j=1,0041 =1
\

(2.12)

Using the values of -2 Fu Qit and — [3;,+ obtained in equations (2.10) and (2.11) above,

we find a% ~v(0) for u = r,a,b,x,r as

9 aeeAY)  wOBOThogoa0sn)
TR S NNOEAD) S a0 o
where
0
%ak(t)ﬁk()—akt ﬂktwm (2.13)

As for 2 RS (0), using the notation ¢ defined above, we first rewrite £ as

a;i(t)aiibj o, Bi(t +1) _ ;i ()
qu;zo 21]:():0 Qy (t)avwbw,OzH Bu(t +1) Zzljzo Zi}:o Qy 1yt (w)

§ij(t) = &iju =
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Then, using the values of -2 B QYits Ba ,Bz ¢, and 2 5a Yit(j) that are obtained in equations (2.10),

(2.11), and (2.12) above, we find

9 . ) 9
2 §ijt - aulaz‘,t?ﬁi,t(J) B ai,td’i,t(]) 211,20 Z}U:O o avyt@z):,t(w)
M R Rmotetuel) [ 5) gwtea(w)
where
D i) = i) + i) o (214)
ou Q; t Wi t\J ;) t i,t\J it\J ou o7y .

for 4,5 € {0,1}. Note that the values of &; ;; can be obtained during the computation of
matrix 4. Finally, using equations (2.13) and (2.14), we find the partial derivatives for the

Jacobian, for u = r,a,b, x,y, as shown below.

%: _ 0
0da B ?11 aufo,Ot Zt fOOt Zt 1 au’YOt

ou 2
Zt:l 0.t (Zt 170 t)
DY TSRV DA SRVED DAy Tl te

ou Sy (Zt L t)2
0, . Z?:l 50(075)8% e Zt:l 50(0t)V0,t : Z?:l % 70,

ou Yoty Yot (1 v0.4)?
0y _ Sim1 01000 gu v1e  Dpma 0100071 - Yy 5 Lt (2.15)
Ou Dot YLt (i )

As a small demonstration that the above works, consider a(3) with the observa-
tion sequence o%3 = (01,02,03) = (0,1,1). We will find a(3) first, then take the partial

derivative with respect to a.

ao(l) = 7T0b0701 = ’l“boo =Trr

051(1) = 7T1b1701 = (1 - T‘)blo == (1 - T)(l - y)
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OZO(Q) = (040(1)(10() + Oél(l)alo)b(),OQ = [ao(l)a + Oél(l)(l - b)] b(n
=[rza+ (1—7r)(1—y)(1=0)](1 —2)
oy (2) = (ao(l)aol + 061(1)6111)51,02 = [ao(l)(l — a) + al(l)b] b11

=[re(l—a)+ (1 =r)(1 —y)bly

ag(3) = (ao(2)ago + @1(2)a10)bo,0s
= (a0(2)a + a1(2)(1 — b))bor
= { [rea+ (1 —r)(1 —y)(1—=0)] (1 —x)a

+rz(l—a)+ (1 —r)(1—y)bly(1 —b)} (1 —z)
So, the partial derivative of ag(3) is

;aoc03 = 8aa { [rea+ (1—r)(1—y)(1—=0)] (1 —x)a

+[rz(l —a)+ (1 —7)(1 —y)bly(l — b)} (1—2)
= { [rea+ (1—r)(1—y)(1—-0b)](1—2z) +

a(l — a:)aaa [rea+ (1 —7r)

(1))
Fu(1= D) el = @)+ (1= )1 =] | (-0

= { [rea+ (1 —=r)(1—y)(1—=0)] (1 —2)+a(l —x)rz +y(1 —b)(—rx) } (1—x).

Meanwhile the iterative method gives, using the result of the B-W algorithm «;(1) and
a;(2) for i = 0,1,
Il =0
8aa0’1

Il =0
8aa1’1
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0 0
9g Y02 = | G005 @01 +ap1 + 4105 01,1 bo,0, = rabor = ra(l — x)

Oa

- Q01 — Qp1 + a11 45— a1,1] b1,0, = —r2Tb11 = —ray

Oa

0 0 0
- 0p3 = 05— 0,2 + o2 + a105— 1,2| bo,os
a Ja

rea+ (1 —7r)(1—y)(1=0)] (1 —2z)+arz(l —z) + (1 = b)(—ray)} (1 — z).

Obviously, the values obtained are the same.



CHAPTER 3

Least Square Estimation

The least square error (LSE) estimation of the parameter set € is obtained by com-

puting the expected value of # given an observation sequence O™ = (Oy, O, . ..

Ors =E (0| 0"") = /9 P (60" do.

The expected value of the parameter given an observation sequence can be expressed as

E(0|0O"") = /ep (0] O"") do

_ [oren 1o ro)

oy %

= P(Oll,n)/ep(oly" | 6) P(0)do

- P(él,n) /9P (O™ 60)d9  assuming P(0) =1
1
= DNl oPrP Ln ~Hln 0) do
P (017 lmzezﬂ / (sh",0M | 6)

where €, is the set of all possible values of S»" as before. Thus, we have

1

Ors =FE (9 | Ol’n) = W Z /Qﬂ'slbslolaswzbsz@ e asnASannOnd‘g
sbneQ,

where

1,n\ __
P (O ) = E Ts1 05101 Us1 590000 * * * sy 15,0500, A0
SGQn
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1. LSE with mu = m, mp = 2

We first consider a general case such that the size of the state space m4 is m, where
m > 2 is any positive integer, and the size of emission space mp is 2. The transition and
emission state spaces are expressed as {0,1,2,...,m — 1} and {0, 1}, respectively. So, the
transition matrix A is an m X m matrix, and the emission matrix B is an m X 2 matrix as

shown below.

apo ao1 ap2 T apgm—1
aio a11 ai2 T a1,m—1
A=
am—-1,0 Am-1,1 Am-12 - (Am—-1,m-1
€00 cor cct Com-2  CO,m—1
Cl,m-1 €0 -  Clm-3  Cl,m-2
Cm—2,2 Cm-2,3 " Cm—2,0 Cm—2,1
Cm—1,1 Cm-1,2 "°° Cm—1,m—-1 Cm-1,0

where ¢; j, = a; j, if and only if jo =i + j1 in modulo m, and

boo bo1

bio b1

bm—1,0 bm-1,1
As for the matrix A, the notation ¢;; is introduced so that the diagonal elements are in the
form ¢;p, i = 0,1,...,m—1, and the parameters to be estimated will be expressed as ¢;; and

bjr, where j = 0,1,...,m —2 and k = 0,1. (Note ¢;;,—1 and b;; need not to be estimated
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because they are found by ¢; ;-1 =1 — E;:UQ cijand bjp =1 — bio.) Using this notation,
the estimates will include all the diagonal elements of A, by which we later use to reduce a
symmetry in the probability distribution. As for the probability distribution for the initial

state S1, let ™ be as follows:

T = (70,71, Tm—1)
Since the sum of the probabilities in the above is 1, once the estimates 7g, 71, ..., Tm_o are
found, 7,1 is just 1 — Z?:OQ .
1.1. Derivation. Let the initial probabilities T = 71, = -+ = Mm_2 = Tm_1 = —.

m

It is easy to change the algorithm so that the LSE would also estimate m; for each ¢; but,

for the simplicity, we do not do it in this paper. With m; = %, we get

n 1
Ors = F (9 | o" ) = W Z /9b8101a8152b8202 "ty _1s,Ds0,d0 (3.3)
sbneq,
where
1
P (Ol?n) ~m Z /b8101a8182b8202 St s, ys,bs,0,d0. (3.4)
sbneQ,

1.1.1. Symmetry. Now there are m! ways to identify the transition states with the
numbers 0,1,...,m — 1. In order to avoid “averaging up” the probability distribution by
equivalent states, we compute the LSE under a condition a;; > ajt+1,i4+1, or equivalently
cio > Cit1,0, for all ¢ in {0,1,...,m — 2}. (Note a;; = ¢ for i = 0,1,...,m — 1.) The
symmetry issue is easier to be understood with state space size m4 = 2; so, it is described
in more details in Section 2.

1.1.2. Ewaluating Integrals. The integrals that appear in equations (3.3) and (3.4)

can be evaluated if we find the formula for the integral

/b8101a8182b8202 s, s,bs,0,d0.
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Let k;; be the number of times the event S;_1 = ¢ and S; = j occurs in a state sequence
Stn = (81,8s,...,8,) for 2 <t < n, and let l;; be the number of times the event S; = 4
and O; = j occurs given the observation sequence O'" = (01,03, ...,0,) for 1 <t < n.
Also, let K = {ki;} and L = {l;u}, 4,5 € {0,1,...,m — 1}, u € {0,1}, denote the set of

those values. Then the integral above can be expressed as

koo k01 kO,mfl kmfl,mfl l(]() lOl 111
/aoo Qo1 " Ay, m—1 "'am—l,m—1boo bor -+ by db.

Furthermore, in order to have a better correspondence in the subscript of ¢;; and

those of the exponents that appears as a power to ¢;; in these two integrals, we define an

alternative notation for k;;, which is d; j, = k;j, if and only if j1 = jo — ¢ mod m, which

gives
Koo kor -+ kom-1 doo dot -+ dom-1
k10 kii oo kme di,m-—1  dio - dim—2
Em—1,0 km—1,1 -+ km—1,m—1 dm—1,1 dm—1,2 -+ dm—1,0
Now d;; is the exponent for ¢;; for all 7,5 € {0,1,---,m — 1}. Then, for myq > 2 the

integration is in the form

/b5101a515265202 s, s,bs,0,d0

m—2 dO,m—l
— doo d01 dO,m72 .
—/ €0 Co1 " Co,m—2 (1 E €06
A —
m

—92 dmfl,mfl
Cm—1,i dA

1
11 /0 BEO (1 — big) it dbyg (3.5)

where A = {cij |i=0,1,...,m—1,7=0,1,...,m —2}. The value of these integrals can

be found by rewriting it using factors and factorials. Let L = {l;;}, i € {0,1,...,m — 1},
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j € {0,1}. Finding the product of integrations over b;y are simple, and we denote it as f,

as shown below,

m—1 .1 m—1
, | lLio! 11!
= f(L) = bli0 (1 — byg)lit dbyg = — 3.6
f=rZ) ill()/o 0 ( 0)"*dbio Z.|0| o+ I + 11 (3.6)

The last equality is obtained using the identity (3.9). Meanwhile, the integration over A
is not that simple, especially in the derivation. However, the resulting formula is simple
enough to use for any value of m 4.

As for the integration over fl, we integrate row-wise; i.e., we first work on each parts
inside the square brackets in equation (3.5), then at the end combine the results to evaluate
the whole expression. Below is the list of identities that can be found using the binomial

theorem, which we use to find the formula for the integration over A.

b

v —1)"!
/0 u v —u)’du = ; (b= 2)! ()a it o (37)

b

v —1)%! :
a] — bd — ( a+i+1 d )
/Ou( u)’du ;i!(b—i)!(a—f—i—kl)v , an (3.8)

a! b
(a+b+ 1)1

1
/0 u®(1 — u)’du = (3.9)

for positive integers ¢ and b. All the identities above can be easily verified using the binomial
theorem.
In order to simplify the final expression, for m4 = m > 3, we first define the following

notations for the exponents and sets of indices:

pe(—1) = dp,m—1
(3.10a)

pr(i) =pp(t — 1) + dg,m—i—2 +1 fori=0,1,...,m—3

Su(Ix) = Gpr1(Tpt1) +dro +ip +1 for k=1,2,...,m—1

¢m(Im) =0
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and

Ik = (ik,ik+1,...,im_2,im_1). (310C)

(Actually for m4 = 2,3, we just do not need to have pg(i).) Note p(i) and ¢x(Ix) can also

be expressed as

m—1 m—1
pe(i)= > dyj+i+1  and = (djo+1ij)+m—k (3.11)
j=m—i—2 j=k

In addition, as a special case of pg(i), define py as

Py = pr(m = 3) de]+mf2 (3.12)

Using the above new notations, we define three functions shown below, which will appear
in the final formula, with k& € {1,2,...,m — 1}, when the identities (3.7), (3.8), and (3.9)

are applied.

(—1)'pr(5)!
94000 = 500 ) = )b g5 + 1+ 1) (3.13)
(—1)%py!
g (Ie) = 75 G — i) \or () (3.13b)
o(h) = (¢1(11) + doo)! po! (3.13¢)

(¢1(Il) ~+ doo + po + 1)!

Note that, applying the identities, we have

v pi(J)
/ ukm—j—3 (v — u)pk(j)du — Z gro(i, §) Upk(]”rl)’
0

1=0

v Pk
/ u¢k~+1(1k+1)+dk0(1 — w)Prdu = Z g1 (I) v?UE) - and
0

ix=0

1
/ P I)Hdoo (1 )P0 gy = go(I4).
0

Now, since the integration with respect to the parameters of the same row (cxo, ck1, - - -,
Ck, m—2) are in a similar form for each k, we first define v, for each row k, which corresponds

to each of the expressions inside square brackets in the equation (3.5).
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Let v, = 1 and define c_1,¢o as 1, then define a function 1, as below for k =

0,...,m—1.
Co— 1—c 1—cpo—c 1-S"m ey

_[ermro i KO 4 KO=ChL 20 Ckj i mos
VYr(cr—1,0) = Yr41(cro) Ci il Cy’ Chome3

0 0 0 0

dk m—1
1= 2 s m—2 ’
7=0 J dk 9
. /0 C. I I Ckj dc, m—2 dcg, m—3 -+ - dcgy degg.
Jj=0

(3.14)

Then to(c_1,0) = ¥o(1) is the integral over A in equation (3.5); i.e.,

m—2 dO,m—l
_ doo ., do1 do, m—2
¢0(1)—/A Coo Co1 """ Co,m—2 (1_ E,)

so that

/b8101a818268202 sy 5pDsp0,d0 = f - 1ho(1).

Using the identity (3.7) and the definition of gr (3.13a), we first simplify the last integral,

the one over ¢y —2, for all k =0,2,...,m — 1.
- 7.77‘730 , m—3 dk,m—l pk(_l) m—3 pk(o)
Z]:O kj d
o1 — Ckj —¢C de = (i,—1) [ 1— Ckj
k,m—2 kj k,m—2 k,m—2 — gkoll, kj
0 =0 i=0 j=0
Then, after moving > 7% i gko(z —1) in front, ¥ (cx—1,0) is now expressed as
pr(—1) Ck—1,0 J 1—cpo d 1—cro—ck1 d
k(Ck—1,0) Z gro(i, —1) / VYr+1(cro) Ck’éo/ Ck’il/ Crs’
=0 0 0 0

p1(0)

— ,74 .
R a4 [ d d deyy d
o 0 Ck,m—3 - Ckj Ck,m—3 ACk, m—4 " * - ACk1 ACkO-

Applying the same identity again to the integral with respect to ¢ ,,—3, we get

pi(0) m—d p(1)
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so that ¢y (cx—1,0) is now

P71 Pr(0) Ck—1,0 d 1—cko J 1—cko—ci1 J
Yr(ck—1,0) = E gro(i, —1) gko(@’())/ Vror1(Cro) cklg)o/ cklil/ iz
i=0 i=0 0 0 0

pr (1

1— Z] o Cz] d m—4 M

k, m—4
/ C, mea | 1— E Clj deg, m—4 dcg,m—5 - - - dcgy deg
0 -
j=0

0 pr(d) Ck—1.0 1—cko 1—cro—ck1
’ dro di1 d2
gro(i,7) Vr+1(Cko) Chf Cr1 )
0 0

j=—1 1=0
Pr(1)

-5
=250 e Ak, m—a
.- ; Ch.m—4 1-— E Ckj dcg, m—adcg, m—5 - - dcgy degg.

It is easy to observe that, if we apply the identity (3.7) repeatedly, for additional m — 4

times to the above, we should have

m—4 Dk ]) Ck—_1.0
, 4 _
klee-1,0)= [T D owolid) / Vit1(cko) G (1 — cro)rdero

j=-11i=0

for k =0,...,m —1 at the end, to which the identity (3.7) no longer apply. Now it is time
to combine all the results. Starting from 1,,_1, we apply the identity (3.8) to the integral

in ¥ for k=m — 1 down to k = 1. With £k =m — 1, we have

m4pm1

Cm—2,0
" dm—1,0 Drr—
Ym—1(Em—2,0) H E m—1,0(%,7) / Cm1.0 (L = €m—1,0)"""dem—1,0

j=—1 =0
m—4 Pm— 1 pm 1
cPm—1Im-1)
H E gm-1,00:5) Y gm-1.1(Tm-1) o5 o™
—1 im—1=0

Note we used the definition ¢,, = 0 and the notation I = (ik,ik+1,.-.,im—1) in (3.10). So,

I, is simply %,,—1. Then, since 1,5 contains 1,1 in its expression as

m—4 Pm— 2(]
m-alem-s0)= [ D 9m-2.0(i4)
j=—1 =0

Cm—3,0 d
/ Ym—1(Cm—2,0) - (1—Cm20)p’" 2dcm—2,0
0
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plugging in v¢,,_1 and then applying the same identity (3.8) to 1,2, we get

m—1 m—4 pr(j) DPm—1
Vm—2(Ccm-3,0) H IT D gl D gm11(lm)
k=m—2 |j=—1 i=0 im-1=0
Cm—3,0 1 (I A -
/ o e (PR LR
0
m—1 m—4 pr(J) Pm—1
= 11 [ I D. gmoGi)| D gmr1(Tm-a)
k=m—2 |j=—1 i=0 im-1=0
Pm—2 I
Z gmfz,l(fme)Cf{'l}fgmfg)'
im—2=0

Repeating the process, we will eventually get

Pm—1 Pm—2

o1(11)
E 9m—1,1Im—-1) § 9m—2,1(Lm—2) 591111600
im—1=0 G —2=0 11=0

so that

m—1 | m—4 pr(j)

1T > gk )

k=0 |j=—1 i=0

pm 1 pm 2
E Gm—1,1Im—1) E Gm—2,1(Im—2) 59111—1
im—1=0 im—2=0 i1=0

1
I1)+d 9]
/ Cg(l)( U+ 00(1 - COO)pOdCOO.
0

Now, applying the identity (3.9) to this last integral, we finally have the formula for 1y (1),
which is
m—4 pr(5)
> groli, 5)
-1 i=0

pm 1 pm 2 pl

ngll m—1) ng21 m—2) 2911—7192(—71)

im—1=0 im—o=0 11=0

m—1
Yo(1) =[]
k=0

j=



36

Thus, using the definition of f in (3.6) and the definitions in (3.13), we express the integral

as

/b8101a8182b8202 e asnflsnbsnonde

ﬁ'mfl ﬁrn72 ]31

=£G Y DD gm11Ume1) gm-2.1(Im—2) - g1 (I1) g2 (1),

tm—1=0 %m_2=0 71=0
(3.15)

where G is defined as

m—1 | m—4 px(j)
=] H Z . (3.16)
k=0 |j=-1 i=0
Note G is a function of the exponents {dz-j}.

We are now ready to evaluate the expressions for ¢ and P (Ol’") in the equations

(3.3) and (3.4), respectively. First, the equation (3.4) is now

Pm—1 Pm—2

01": ZfGZ Z ngllmlgm21([m2)

51”69 im—1=0 im—2=0 11=0

—gu(ln) go(fr).  (3.17)

where f, G, gko, gk1, g2, and Ij are as defined in the equations (3.6), (3.16), (3.13a), (3.13b),
(3.13¢), and (3.10c), respectively.

In order to evaluate 0 in (3.3) for each parameter, we have to find the corresponding
factor as in the case of maq = 2. As for the estimates ¢g for s € {0,...,m — 1} and
t € {0,...,m — 2}. Because if the factors that are generated by having the extra cg inside
the integral for the estimate ¢4, we have the following observations: In the expression (3.15),

e replace Zp’“ grko(i,7), k€ {0,1,...,m — 1}, by
Zpk gko(lj) ifs=kandt=m-—7j—3

(3.18)
Zpk Jrlgk%))(z j) ifs=kandte{m—-—j7j—-2,m—-—j5—1,...,m—2},
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where
i) (i) = St TR ) and
r0 diym—j—3 + 10+ 2 ’
g i!(pr(7) _Z.‘i‘l)!(dk,mfj—?)-i-i-i—l)’
Note: g( )(z, j) is defined without using the value of gio(i,j)) because the summation

with ¢ = p;(j) + 1 causes the denominator of gyo(i,j) to be zero. Same with the

definition of 9/221) (Ix) below.
replace sz o9k (Ig), k€ {1,2,...,m —1}, by

f: Og,(ﬂ)(lk) ifse{k,k+1,...om—1}tandt=0

(3.19)
Yt g (L) ifs=kandte {1,2,...,m—2},
where
Wy = OkUk)
gl (L) = oelli) + 1 gr1(Ix) and
@ (1) (7 + 1)
I;) = ——= : ’
i1 (i) ik (Pr — ik + 1) (Ix)
and
replace g2(I1) by
gél)(h) if s€{0,1,...,m—1}and t =0
(3.20)

952)(11) ifs=0andte{l,2,...,m—2},

where

1) $1(11) +doo + 1
;) = — I and
92 (I) ¢1(11) + doo + po + 2 92(1h)
po + 1
97 (1) = B g (I1).

~ ¢1(Ih) + doo + Po + 2
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The functions g1(Ix), and g2(I1) are functions of the exponents d;; and indices.
Since the input indices are fixed once the function is chosen, in the expressions for estimates

below, those indices are omitted for the simplicity. Also, define G as

m—t—4ps(5) ps(m—t—3) . m—4  ps(i)+1 ,
Ga=| I] Sooli)| | TI > o%Gm—t-3) 99,
j=—1 =0 j=m—t-3 =0 j=m—t—2 =0

m—1 | m—4 pr(j)

T I D2 amolid) (3.21)

k=0 |j=—1 i=0
k#s

fors€{0,1,...,m—1}and t € {1,2,...,m — 2}.

Furthermore, if we define any product notations with index from a; to as with a; >

ay as 1, and use the definition of f in equation (3.6), the estimates for é¢g, s =0,1,...,m—1
and t =1,2,...,m — 2 can be expressed as follows:
e Caset=0:

pml me

P1
Coo = — 01" Z f-G Z Z “ngfl,lgmle"'gll'gél)

slineQ, Im—1=0 4m—2=0  41=0

(3.22a)

and, for s € {1,2,...,m — 1},

pml sz

D1
Cs0 = — 01” DG D D D w1 gmean

sl neQy tm—1=0 %;m—_2=0 11=0

T 0s+1,1 QS) 991,1 98) 'gél)'

(3.22b)

e Caset e {1,2,...,m— 2}:

ﬁmfl ﬁm72

P1
éOt_ 01" Z [ Got Z Z “'zgmfl,lgmle"‘gll‘gg)

st e, im—1=0 7y,_2=0 i1=0

(3.22¢)
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and, for s € {1,2,...,m — 1},

Pm—1 Pm—2 Ps+1 Ps+1 Ds—1
bst = Om )AL DD DIRD DD IS
81 meQ, im—1=0 %p—2=0 4541=0 i5=0 i5_1=0

2
. Z Im—1,1 9m—2,1"""9gs+1,1 9§1) gs—1,1°""9g11 * g2- (3.22d)
i1=0

As for the estimates byg, we define P(k) as

lpo+1

__ 3.23

k=

for k=0,1,...,m — 1, and replace f by Py - f in equation (3.15) to get

Pm—1 Dm—2

bro = = 01” Z Pe-f-G Z Z ngllgm21 g11- g2, (3.24)

sbneQ, im—1=0 y_2=0 i1=0

where G is as defined in equation (3.16) above.
1.1.3. Finding Exponents. In order to rewrite the exponent sets K and L, we first

define § and v as before; i.e.,

1 ifi=j 1 ifu=v
6:i(4) = and v, (v) =
0 ifi#y 0 ifuz#w

where i,5 € {0,1,...,m — 1} and u,v € {0,1}. As for 7, we can define it as

1—j ifi=0
%i(j) = (3.25)
j ifi=1

since i € {0,1}. Also, we define the coefficient matrix of v as below.

N Too To1 1 -1
R= - (3.26)

As for 0, we try to find (m — 1)-th degree polynomials that do the work. Let

8i(J) = rio + ring + ri2g® + A rimo1i ™ (3.27)
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Then, the matrix equation below should hold.

11 1 1
700 ro1 e T0,m—1
0 1 2 m—1
710 r11 e 1, m—1
01 22 ... (m—-12 |=1 (3.28)
"m—1,0 Tm-1,1 *°° Tm—1,m-1
0 1 2m-! (m—1)m1
or
RM =1
R=M"
where

M = {mij},miy ={G— 1"} for2<i<m,1<j<mandmy;=1forl<j<m,

(3.29)
R = {7"1'_1,]'_1}, (3.30)

and [ is an m X m identity matrix, in which the element of i-th column and j-th row is the

value §;_1(j — 1). But, M is one of Vandermonde matrices since it is in the form

1 1 ... 1
V0 VL U

= 2 2
4 Yo Uy Um—1
m—1 m—1 m—1
Yo U1 o Up

where v; = i for all 0 < i < m — 1. The determinant of this matrix, the Vandermonde

determinant, is known to be

det(Vy= [ (i—v).

0<j<i<m—1



41

In our matrix v; — v; is always positive if j < 7. So, M is invertible for any positive integer
m; i.e., coefficients r;; exist for any m. Furthermore, we can find certain characteristics

about r;;. Express the matrices M and R = M —1 above as

700 Tor To2 cc TO,m-—1
710
1 Im—l RO Rl
M = and R = 20 =
0 M Ry R3
R
"m—1,0

where I,,,_1 is a row vector of 1’s of length m — 1, M’ is a m — 1 x m — 1 matrix, Ry = roo,
Ry is a row vector (ro1 702 -+ 70,m—1), R2 is a column vector (r19 720 - - - rm,Lo)T, and R3

isam—1 x m — 1 matrix. Then

Ro+Y" " rig Ri+In1Rs
MR =
M'Rs M'Rs

m—1 m—1 m—1

> it Tio dito Tit > o Ti,m—1\|
M'Ry M'R3 }

= I7
which implies

m—1
d ry=0 forj=1,2,...,m—1
i=0

or, in particular,

m—1
TOj:_Zrij forj=1,2,...,m—1. (3.31)
i=1
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Also,
Ry Rolp—1+ R M’
RM =
Ry Roly—1+ R3M'
T00 Rolp—1 + R M’
710
= 720
Roly—1 + RsM'
'm—1,0
= I’
which implies
roo = 1 (3.32)
and
rio=0 fori=1,2,...,m—1. (3'33)

The goal here is to find the exponents K = {k;;}, which we also expressed with

{ds}, and L = {l;;}. We start with finding the formula for K. Given a state sequence

Shn = (s1,82,...,8n), for any i,j € {0,1,--- ,m — 1}, we can write k;; as
zg = E 5 St St+1
n—1
2 -1 2 1
= g (Tio + 1ri1St + rigs; + -+ s;n ) (mo + Ti1St41 + ri2sSip o+ 3;11 )
t=1
m—1m—1

= ZTWT‘WZStSH_l.

u=0 v=0



43

Separating the terms with u,v # 0, with u # 0 and v = 0, with v = 0 and v # 0, and with
u=0v =0, we get

m—1m—1
kij= > > Tl
u=1 v=1

n—1 m—1 n—1 m—1 n—1
5¢si 1 + Z TiuTj0 Z sy + Z 30T ju Z s{r1 +riorjo(n —1).

t=1 u=1 t=1 v=1 t=1

It turns out that, using the properties of r;;, which are written in (3.31), (3.32),
and (3.33), we can express ki and koj, 7,5 € {0,1,...,n — 1} as a function of k;;, i,j €
{1,2,...,n — 1}, and other quantities, which will be later defined. This conversion is used
to make it easier to keep track of the value change in K and L during the execution of an
algorithm, which finds the estimates.

In order to make it easier to see the relationship between the values of k;;, we define

the following notations, which will not appear in the final expressions:

n n—1
Ny = g s¢ and  ngy = E s¢siq (3.34)

t=1 t=1
for u,v =1,2,...,n — 1. Then, we have
n—1 n

g ;’+1:E sy —s] =n, —s] and

t=1 t=1
n—1 n

u u u v
t=1 t=1

Now the summation over time ¢ is implicit so that k;; can be re-written in a simpler

way as
m—1m—1 m—1 m—1
u v
kij = Tiul joNuy + E TiuTj0(Mu — Sp) + rioTju(ne — $1) + riorjo(n — 1)
u=1 v=1 u=1 v=1

But, because of the property (3.33), when ¢, j # 0, only the first term is non-zero, and so

m—1m—1

kij= > > Tuljnu  ford,j#0. (3.35)

u=1 v=1
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If we express remaining k;; in K using the above, we will reduce the number of exponents
to count. To further simplify the expression, let k,, u = 1,2,...,m — 1, be the number of

u’s in the state sequence S'". Then, again by the property (3.33), we have

n n m—1 n m—1 m—1 n
v v v
ky, = E du(se) = E g TupS; = E E TuvS; = Tuv g sy
t=1 t=1 v=0 t=1 v=1 v=1 t=1
m—1
ku=> Tusio. (3.36)
v=1

Now, using the properties of 7, which are (3.31), (3.32), and (3.33), and using the equations
(3.35) and (3.36), we can finally rewrite k;p and ko; as a function of k;; with 4, j # 0, k;, s1,

and s,. First, we have

m—1m—1 m—1 m—1
koo = E E TouT0vMuy + E T0uT00(1y — Sp,) + E T0070v (N — 87) + Tooroo(n — 1)
u=1 v=1 u=1 v=1
m—1 m—l m—1 m—1 m—1 m—1
u=1 v=1 1=1 j=1 u=1 =1
m—1 m—1
+ — Tiv | (ny —sY) +n—1
v=1 i=1
m—1m—1m—1m-—1 m—1 m—1 m—1
= TiuT juTyy + - TiuNy + TiuSp
u=1 v=1 =1 j=1 i=1 u=1 u=1
m—1 m—1
— E TiwTy + E Tiws] | +n—1
v=1 v=1
m—1m—1 m—1 m—1
= kij + 25 TiuNy + E riw(st +s2) | +n—1
i=1 j=1 i=1 u=1

m—1 [m—1 m—1
= kij—Qki—Fer(sﬁ‘—i-s}i) +n—1
' j=1 u=1
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Next, for j # 0, we have

m—1m—1 m—1 m—1
u v
koj = TouT juNuy + E TouTjo(Nuy — Sp) + E roo7jv (1w — 1) + roorjo(n — 1)
u=1 v=1 u=1 v=1
m—1m—1 m—1
v
= TouT joNuw + § ij(n'u - 51)
u=1 v=1 v=1
m—1m—1 m—1 m—1 m—1
v
= - E Tiu | TjuNuv + E TjuTy — E : TjvS1
u=1 v=1 i=1 v=1 v=1
m—1 m—1
v
= — E kz‘j + kj — E TjuS1,
i=1 v=1
and for ¢ # 0,
m—1m—1 m—1 m—1
u v
kio = TiuT 00Ny + E TiuT00(1y — Sy) + E 730700 (Mw — 1) + rioroo(n — 1)
u=1 v=1 u=1 v=1
m—1m—1 m—1
u
= TiuT0v My + § Tiu(nu - Sn)
u=1 v=1 u=1
m—1m—1 m—1 m—1 m—1
- Tiu 5 Tjv | Nuw + 5 TiuNy § TiuSy
u=1 v=1 j=1 u=1 u=1
m—1 m—1
= - kz] + ki — E TiuSp
j=1 u=1

Now, as for L = {l;;}, we have a similar situation. However, since mp = 2 is fixed
in this paper, reducing the number of /;; that need to be found is simpler. As the indicator

function ~ for an observation sequence, we use the matrix R defined in (3.26), which is

. 700 o1 1 -1
R: p—

flO 711 0 1

Given a state sequence S'™ = (si,82,...,5,) and an observation sequence O'" =
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(01,02,...,0p), for any i € {0,1,...,m — 1} and j € {0,1}, we can write l;; as

I
_

n

lij = > 6i(st)vj(ot)

3 o
[l
—_

||M§ 'IM

(Ti() + ri1st + 7“@'28? + -+ Sgnfl) (fjo + fjlot)
n

1

5 u v
§ : ZuTjUE :Stot
v=0

t=1

Separating the terms with u # 0 and v = 1, with v # 0 and v = 0, with v = 0 and v = 1,

and with u = v = 0, we get

m—1 n m—1 n n
_ o u N u A o
Lj= Y raufin Y stor+ > radjo » st +riofs > o+ riofjon.
u=1 t=1 u=1 t=1 t=1

Again, to simplify the expressions, we introduce a notation m,;, which will not appear in

the final expression, as

Myl = Z S0t (3.37)

Also, let I3 be the number of 1’s in the observation sequence O%". Then, since o; € {0, 1},

we have

h=)Y o. (3.38)
t=1

Using the notations m,; and lq, [;; is now

m—1 m—1
lij = g Tiulj1Mu1 + g TiuTjoMu + TioTj1l1 + TioTj0m. (3.39)
u=1 u=1

We see that if i # 0 and j = 1, since we know the exact value of }/1\’,, after using the property

(3.33), the expression is very simple as shown below.

lil = Z T Myl for ¢ 7& 0. (3.40)
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We are now ready to express log, lo1, and ljp for i € {1,2,...,m — 1} as functions of l;1, k;,

and [; as shown below. By the equation (3.40), (3.36), the properties (3.31), (3.32)

m—1 m—1
loo = E TouT01Mu1 + E T0uT00Mu + TooTo1l1 + To0T00m
u=1 u=1

m—1 m—1 m—1
= Z(—Z’r’w>mu1+z<—Z’Piu>nu—l1+n
=1 u=1 =1

1

S
= (li1 — ki) — 1 + n,
i—1
m—1 m—1
lor = Toul11Mu1 + g T0uT10M + To0T11l1 + T00T10M
u=1 u=1
m—1

m—1
= ( Z Tiu) Myl + 1
=1

:—Zli1+l1, and

g
I

i=1
m—1 m—1

lio = E TiuT01 Myl + E TiuT00My + 1070101 + Ti0T00n
u=1 u=1

=—lj + k.

In summary, for i, j # 0, we have

m—1 | m—1 m
koo = k‘z‘j — 2k; + Z Tji (Szl + S%,l) +n—1, (3.41a)
=1 7j=1 )
m—1
k[)j = (k}” + ’I“jiszi) + k‘j, (341b)
i=1
m—1
kio = (kZJ + 7S ) + k; (3.41(})
j=1
m—1
loo=Y_ (la—k)—h+n, (3.41d)
=1
m—1
lor = — lin+ 11, and (3.416)

1

(2

lio = —li1 + k. (3.41f)
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Now, all the elements in K and L can be expressed as a function of w, which is defined as
w = {Km,l,Km_l’m_l,Lm,l,sl,sn}
where

K1 = (k1, ko, ..., km—1),

k'll k12 te kl,mfl
L1 ko1 koo - k2 m—a1
Km=om=t = , and
km—1,1 km—1,2 - km—1,m—1
Ly_1= (lll, l21, ce lm_171) . (3.42)

Note that n and I is omitted because they are constant, given O™,
Let hp(w) be the number of sequence(s) sb™ € €, that generates the same value
of w given a particular O%", where Q, is the set of all sequences that are composed of

0,1,...,m — 1 and of length n. We define Q as
Q, (") = {w | w corresponds to some s" € Q,, and o™"}. (3.43)

Not all possible values of w can happen under the restriction on S»" and given a particular
O™ so, the size of €, is smaller than m”, the size of €,. An example is shown in
Section 2. Also, we can see from the definition of w that the size of Q, is smaller than
m2p2m=D+m=1 o 2p(m=1? f51 some ¢ < 1. Experimentally, we can see the size of 2,
is considerably smaller, which will be shown in Chapter 4.

The algorithm for finding all the elements in €2,, and the value of its corresponding

h,, is based on the following observation:

o If the next transition state s;y1 is 0, then
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— the last state s,, will be 0, and

— the rest of the quantities will stay the same

e If the next transition state sy;41 is j, where j € {1,2,...,m — 1}, then

the last state s, will be j,

Litt1)

— kj (the number of j’s in s will be increased by 1,

— kij (the number of i5’s in s"**1) will be increased by 1 if the current state s; is
i, and will stay the same otherwise, for i € {1,2,...,m — 1},
— 11 (the number of times 1 is observed when the state is j, given sb**1 and o™*1)

will be increased by 1 if 0,41 = 1, and stays the same otherwise, and

the rest of the quantities will stay the same.

However, because of the symmetries in the system, the values of h,, are distributed
symmetrically for each value of si; i.e., once we get the values of h,, that correspond to
all sequences s'™ that starts with, say, s; = 0, then we can find the rest of values of h,
for sy = 1,2,...,m — 1 by just interchanging the subscripts of k;; and [;; accordingly. For
example, if we want to find h,-values that corresponds to the set of state sequences that
starts with S; = 2, while we already have all the values of h,-values that corresponds to
the set of state sequences that starts with S7 = 0, then let k2 = x, koj = y, and ly;, = 2,
if ko = x, koj =y, and lo,, = z, respectively (i.e., interchange the first and third rows and
columns of the matrix {k;;} and the first and third rows of the matrix {/;5}). A simpler
example is shown in Section 2 with my4 = 2.

Thus, the algorithm below only finds h,, that corresponds to the set of state sequences

SLm that starts with S = 0.
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Algorithm for finding h,

Let hi(wp) = 1, where wy is an w-value such that all the entries in the elements in w is 0.

for t from 1 ton —1
with all w = (K, _1, K™ 1™ L, 1,0, s;) such that hy(w) > 0

Increment A1 (K1, K™ 2™~ L, _1,0,0) by the value hi(w) (for the case

sey1 = 0).

for sg41 from 1 to m — 1

Obtain @ from w by incrementing

() ks, in Kpp—q by one,
(i) ksy, 50, in K™ 1™ 1 by one, and
(444) ls,py,1 A0 Lyy—1 by Opy1,

then by letting S; take the value S;1;.

Increment h;y1(w) by the value hy(w).
end for

end for

Since the algorithm goes through a for-loop n — 1 times, the value of 5 is fixed as zero, and

the size of Q,, is less than em2n(m=D? for some constant ¢, the computational complexity

is less than dmn™" for some constant d, and experiments have shown that d < 1.
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1.2. Covariance Matrix. For the general case in which the state space m 4 is any
integer m, and the emission state space is 2, we have a (m+2) by (m+2) covariance matrix,

given an observation sequence of length n, O™, The entries of this matrix are:

Cov (ah,juaiz,jz ] Ol’”) for i1, 71,142,572 € {0,1,...,m — 1}

Cov (bil,kl,bi%b ] Ol’") for i1,i3 € {0,1,...,m — 1} and k;, ke € {0,1}, and

Cov (as, j,,biy k) | OF")  for iy, ji,i2 € {0,1,...,m — 1} and k € {0,1}.
Or, using the notation ¢; ; for a; 5, where ¢; j, = a;j, if and only if jo =7+ j1 in modulo m,
what we want are

Cov (Ciy j1s Cingo | OV™)  for iy, 1,2, 52 € {0,1,...,m — 1}

Cov (biy oy big gy | OF™)  for iy, ip € {0,1,...,m — 1} and ki, ks € {0,1}, and

Cov (cil,jl,bi%k) | Ol’”) for i1, 71,32 € {0,1,...,m — 1} and k € {0, 1}.
Since
Cov (u,v | O") = E (wv | O"™) — E (u| OY™) E (v | OM"), (3.44)

and the formulas for E (u|O"") and E (v| O"") are already found, here we formulate

E (uv | OF™) only. Consider Cov (cs, s, | O1™), which is in the form

E (081151 Csaty | Ol’n)

m—2 dO,mfl
_ doo ., do1 do, m—2
= /Acamcsztz €0 €1 " Co,m-2 <1 - ) (3.45)

m—2 dmfl m—1
dm—-1,0 _dm—1,1 dm—1,m—2 2
Cm—1,0 m—-1,1 ~°" Cm—-1,m-2 1- E , dA

-1

1
: / BEO (1 — byg) it dbig (3.46)
i=0 V0



where A = {cij |i=0,1,...,m—1,j =0,1,...,m — 2}, as in Equation (3.5).

define additional functions as follows:

Let

dg,m—j—3+i+1
dkzm —j3+i1+3

g](i)l)( ]) gkO(i’j)7

gk (i,5) = Tor ) j;i)z(ﬁﬁfzi);ji; Tit+1)
gUD(1,) = ¢:€k<) k) g1 (Ix),

o700 = e S

g’ (Ii) = ir!(Pr Ezi )j (1]?7 (;;kl();k) +1)

-

77 (1) = s 3952)01), and

(1) Pot1 g5 (1),

~ ¢1(I1) +doo +po+3
where Py, is as defined in equation (3.12). Also, define Gy, +,, 55,1, as follows:

(1) If s = s9 = s and t; =ty =t, then

m—t—4ps(j ps(m—t—3) 4 m—4  ps(F)+1
st st — H ZQSOZ] Z géo )(iam_t_g) 9s0
i 5

j=—1 =0 1=0

k;és

i [Hz]

j=—1 =0

52

First we

(3.47a)
(3.47b)
(3.47¢)
(3.47d)
(3.47¢)
(3.47f)
(3.47¢)

(3.47h)
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(2) If s1 = s9 = s and 1 # to, let T' = max{t1, t2} and t = min{t1, t2}. Then

m—T—4ps(j) ps(m—T-3) m—t—4 ps(j)+1
1),.
Gosn=| [I Pawi|| X dd@m-1-3)| I X 4%
j=—1 i=0 i=0 j=m—-T-2 i=0
ps(m—t—3) m—4  ps(j)+1
12),. (22
> aplim—t=3)| | T[> a3’
=0 j=m—t—2 =0

m—1 | m—4 pr(J

: H H Z gro(i,7) ] - (3.48b)

k=0 [j=—-1 i=0

ks
(3) If s1 # so then
m—t1—4Psq (3) Psp (M—1t1—3)
Gty saty = H Z sy,0(%, ) Z g;)o(z,m —t; —3)
j=—1 i=0 i=0
m—4  Ps; ()41 m—ta—A4Psy (7)
H Z 95102]) H 2932, i, 5)
j=m—t1-2 =0 j=-1 =0
52(m t2—3) m—4  DPsy(d)+1

g o(i,m —ta — 3) %)

m—1 m—4 pr(J)

H H Z 9k0(3,7) | - (3.48¢)

k=0 j=—1 1=0
k#s1,52

Also, let

1

Fn= 00

Then, extending the formula for the expected values E (csl,tlc%t2 ] Ol’"), for 1,89 €

{1,2,...,m — 1} and ¢1,t3 € {1,2,...,m — 2}, we have the following:

pml pm2

E(coocoo |OM) =Fp Y -G > > - ng 11 gme21 g1 g5

SlnEQ im—1=0 im—2=0 11=0

(3.49a)

pml pm2

E (cgo cory | OM") = Fpy Z I Got, Z Z ng 1,1 Ym—2,1" 911'9&12)-

sbneQ, i —1=0 %m_2=0 i1=0

(3.49D)
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pml pm2

E(6000820‘01 =F, Z -G Z Z ng 1,1 9m—2,1

sbneQ, im—1=0 tm—2=0 i1=0

1 1 1 11
* 0so+1,1 9£2?1 géQ)_L 1" g§1) gé ) (349C)

Pm—-1  Pm—2 Psg+1 Dsg+l Psg—1

E(conCst, |O) =F D -Gty D D D, > D,

sbneQ, tm—1=0 im—2=0 i5541=0 i5,=0 155—1=0

: ) P (Y
Im—1,1 9m—2,1"""Gsa+1,1 G5, 1 Iso—1,1 """ 911 - G "~
i1=0

(3.49d)

Pm—1 Pm—2

E (coty cor, | OV") =Fo Y f-Gonor, Y, D - ng L1 Gmea1 g gy,

shreQy tm—1=0 im—2=0 ;=0
(3.49¢)
Pm—1 Pm—2 ﬁ52+1 1352“1’1 ﬁsgfl
1, _ 2 :
E(COtl Csata |O n) _Fm f’G0t1,32t2 E E g g E
sbreQ, im—1=0 tm—2=0 ’i32+1:0 i52=0 i52_1=0

> (2) iy - g8
Im—1,1 9m—2,1"""YGsa+1,1 G5, 1 Is2—1,1 """ 911 - g3 *-

i1=0
(3.49f)
pm 1 pm 2
E (cs10 cot, |O1 = Fn Z [ Got, Z Z ng 1,1 Ym—2,1
slneQ, im—1=0 %y—2=0 11=0
1 1 1 12
e 041 90 gy g8 (3.49g)

Let Q = max{s1,s2} and ¢ = min{sy, s2} then

pml me

E(CslocsgolOln =F, Z f-G Z Z ng 1,1 9m—2,1

sbreQ, U —1=0 im—_2=0 11=0

11) (11 11 11
9Q+119£g1)gég)11 91542119( )95] 1)1 ggl)'gg .

(3.49h)
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Pm—1  Pm—2 Ds+1 Ps+1 Ps—1

Beca, [OM) =Fu 3 f-Gun D D0 2 > Y

sbneQ, im—1=0 im—2=0 i541=0 is=0 i5_1=0
3 (12) (1) 1 (1)
e Z gmfl,l gm7271 ...gs+1’1 gsl gs—l,l .. gll g2 .
11=0
(3.491)
If s1 > s9 then
DPm—1 Dm—2 ﬁ82+1 ﬁ82+1 ﬁsQ—l
E (CS1O Csoto ’ Olm) =F, Z f . G52t2 Z Z R Z Z Z
sl’neQn im—1=0 ipm—2=0 i82+1:0 i52:0 1'5271:0
D1
. .. CORNEY
Z Im—1,1 9m=2,1"""Ys14+1,1 95, 1 Y, 1,1
11=0
1) 12) (1) 1 (1) .
“Gsp1,1 o1 Iss—1,17 911 92 - (3.49])

If 51 < s9 then

Pm—1 Pm—2 1532-‘-1 ﬁsz“‘l ﬁS2—1

E(Cs10082t2’017n):Fm Z f.GSQtQ Z Z Z Z Z

If s1 = s9 = s then

sl,negn tm—1=0 2y—2=0 i52+1=0 is2=(] ’i5271:()

p1
2)
PN Z gm—l,l gm_2’1 . -gs2+171 952’1 gSz—l,l

i1=0

crr0s141,1 gg?l gg),l, 177" gﬁ) . gél) (3491{)

ﬁm—l ﬁm—? 153-!—1 ﬁs+2 lﬁs—l

E(CotCots OV =Fr Y fGatyots D, D . > >

shneQ, tm—1=0 im—2=0 is41=0 9s=0 i5_1=0

p1
22
Z Im—1,1 9m—2,1 """ gs+1,1 gil ) gs—1,1"""d11 - g2.

11=0

(3.491)
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If s1 # sg then, for Q = max{si, s2} and g = min{s1, sa},

Pm—1  Pm—2  DPot+1 P(m=3)+1 Pg_1

E (51t Csts | 01 ") =Fn Z [ Gty sats Z Z Z Z Z

81"€Qn tm—1=0 %;,—_2=0 ZQ+1 =0 ’LQ =0 ’LQ 1=0
ﬁqul ﬁq‘f’l ﬁqfl

D1
Z Z Z "'ng—l,lgm—2,1

iq+1=0 ig=0 ig_1=0 ;=0

. () (2) gy -
9Q+1,1 91 9Q—1,1"""9q+1,1 9g1" Yg—1,1" " 911 * G2-

Similarly, as for the expected values (bsl,ObSQ,O | Ol’”), s1,82 € {0,1,...,m — 1},
we define 155 as

ﬁ lso +2

=0T 3.50
lsO +lsl +3 ( )

Then, if s; = s = s, we have

Pm—1 DPm—2

E(bsobsg|01" =F, Z P,P, - -f-G Z Z ng 1,1 9m—2,1"""9g11 * 92,

sbneQ), tm—1=0 2m—_2=0 31=0

(3.51a)

and if s; # s9, then

pml pm2

E (bsyobso |OY) =Fn > PyPy-f-G > > - ng 1,1 Gm—-2,1

slineQ), tm—1=0 tym—_o=0 i1=0

i1 g (3.51D)

As for the expected values in the form E (Cs1t bs,0 | 01’”), we have the following:

Pm—1 Dm—2

E(cs0bsyo | OY) = Fe Y Puf-G Y Y - ngllgm21

sbineQ), tm—1=0 %m—_2=0 31=0

a1 90 05 gty - g8 (3.52a)

Pm—1 Pm—2

E(0006520|O =F, Z Psgf G Z Z ng 1,1 9m-2,1

sbineQ), im—1=0 %y—2=0 i1=0

cgu1 - g3V, (3.52b)
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ﬁmfl ﬁm72

E(081tb820 | Olm) = Fy Z PSQf'Gslt Z Z

Sl’nEQn 'im 1_0 7:7n—2:0

Dsy+1 Ps;+1 Psj—1

SO IRD DD I ng 11 gm0
151+1 =0 13170 zsl 1=0 11=0
. (2) e qry - 3.52
9s141,1 Gy 1 Ys1—1,1"" " G11 * G2 (3.52¢)
pm 1 pm 2

E(COtbSQO‘Ol’n):Fm Z f Got Z Z ng 1,1 9m—2,1

shneQ, tm—1=0 2y,—2=0 11=0

g1 - g (3.52d)

2. LSE with my =2, mp =2

First, we consider the case that the state space for both state and observation se-

quences is {0,1}; i.e., my = mp = 2 and so both A and B are 2 x 2 matrices, while 7 is a

vector of length 2 as shown below.

™= (71’1 7T0),

apo aopil €00 1-— Co0 a 1—a
A == = g ,
aip a11 1—cio cio 1-b b
and
boo  bo1 boo 1 — boo r l1-x
B = = = s
bio b1t bio 1—b1o -y y
where
T, = P (Sl = Z) s

ajj =P (Sig41 =75 =1i),and

biw = P(O; =k | S, =)

fort=1,2,...,n if the sequence length is n.
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2.1. Derivation. Letting the initial probabilities 79 = 71 = %, we have

N 1
Ors =E (0] O"") = 5P (O Z /9b3101a8132b5202 a5 bs, 0, d0 (3.53)

sl,neQn

where

P (OLn) = % Z /b81o1a8182b5202 o 'asn—lsnbsnonde' (3'54)

sbneQ,

But, as for the integration with respect to 6, the symmetry in the HMM has to be taken
care of first.

2.1.1. Symmetry. The two states in the state sequence, say State k; and State k3, can
be represented in two ways; i.e., we can choose 0 to represent State k; and 1 to represent
State ko and vice versa. So, by setting the parameter set (the conditional probabilities)
accordingly, we have two different parameter sets that produces the same probability given
any observation sequence. Consider two models with parameter sets § = (7, A, B) and
6 = (7, A, B) such that 6 is obtained by interchanging 0’s and 1’s of the transition in the

model using #. In other words, we define § as shown below.

T = (7o) = (m1mo),

B a 1—a ago aop1 a1l ailo b 1-0
A = = = = ,
1-0b b aip aii apgl  ago 1—a a
and
_ r 1-= boo  bot bio bn -y vy
B = = = =
-y g bio bn boo o1 r l-ux

For example, with S1", which is a sequence obtained by interchanging 0 and 1 in S™", we
have

apl ZP(St =1 ’ St_q :0) :P(§t:0 | St—l = 1) = aio,
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and
b1 =P(O;r =18 =1)=P(O;=1|85;=0) = bpr.
Thus, we have
P (St 0 6) =P (S'", 00" 0).

In order to avoid averaging this symmetry in probability out, we evaluate the integrations

/gbslol a5152b5202 e asnflsnbsnonde (355)
and
/5310161315255202 s, s,bs,0,d0, (3.56)

which appear in equations (3.53) and (3.54), respectively, under a restriction a > b.

2.1.2. Ewaluating Integrals. We first consider the second integration (3.56) under the
restriction @ > b. Given a particular set of s™ and o', the expression to integrate is a
product of a;; and b;j, i,5 € {0,1}. So, we need to count how many times each of these
factors are multiplied.

Let k;; be the number of times the event S;_1 = 7 and S; = j occurs in a sequence
Sln = (81,8,,...,8,) for 2 <t < n, and let l;; be the number of times the event S; = ¢
and O; = j occurs with the observation sequence O%" = (01,0s,...,0,) for 1 <t < n.

Then we can rewrite equation (3.56) as

/b5101a5132b3202 T asnflsnbsnonde

// //“00 aOO)k()lalﬂl(l*all)kw

B0 (1 — g )01 B (1 — b1g)110 dbyg dboo daiy dago

ot ¢ d
// //Coo — co0) ¢y’ (1 = c10)™

. bé%)(l — boo)lmblllol(l - blo)llo dblo dboo da11 daoo, (3.57)
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where

koo ko1 doo do1

ko k1 di1  dio

We refer to Section 1, and find the estimates by applying those formulas for m4 = m to
ma = 2. (However, since the state space size m4 = 2 is small, obviously we also could
have find the formula to evaluate the above integral in a much simpler way than shown in
Section 1.)

Using the equation (3.17) and the definition of p;(j), Ix, and f in equations (3.10)

and (3.6), we have

di1
P(O"™) = Z fZgn (I1)g2(11) = Z £ gu(i)gali
SlneQ i1=0 51 ncQ, =0

k10

Z £ gn(i)ga(i

51 neQ, =0

where

Fo ﬁ Lio! 151!

B 48 Ui+l + 1)1
Here, by the definitions of g11 and go in (3.13),

(i) = (=D'p! (=1)%d! (=1)’k10!
I =0 — ) (i) idig — i) (do+i+1) i (ko — ) (kit +4 + 1)

(1) + doo) o'~ (doo+dio+i+1)dn! _ (doo+dio+i+1)do!
(¢>1()+doo+po+1) (d00+d01+d10+i+2)! (n—d11+i+1)!
(koo + k11 + 7+ 1) koy!

(n —kio+1i+1)!

92(i) =

We define two equations, using the definitions (3.19) and (3.20) as shown below.

dig+1+1
dio +z+2

kip+i+1
kip +i+2

¢1(7)
¢1(i) + 1

gy (i) = g (i) = g11(i) = g11(3)
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and

g(l)(z)_ $1(3) + doo + 1 (i) = doo + dio +7+2 (i)
2 $1(2) 4 doo + po + 2 doo +do1 +dio+i+ 3
koo + ki1 +i+2 .
= g2(i)

n—=kypo+1t+2

Then, using equations (3.22) and (3.24), and with the definition of Py in (3.23), we have

d11
a= éoo = Ol P Slnze:g f lz;gn g2 , (3.58&)
. ' di1
b= ¢ = 01 5 ZEQ f%g11 ), (3.58b)
A 1 ) di1
T =byy = m SMZGQH Pf ;gn(z)gg(z), and (3.58¢)
o 1 o
I1—g=bio= W smzegn Py f;gll(l)%(@)a (3.58d)
where
lo+1
P, = lkoj‘olm k=0,1.

2.1.3. Finding the FExponents. With m4 = mp = 2, the coefficient matrices Rand R
in equations (3.26) and (3.30), which are used for finding the exponents in the integration,

koo, ko1, k10, loo, lo1, and l1g, are the same.

R=R=
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So, using the equations (3.41), we express the above exponents as a function of k11, s1, $p,

l11, and [1 as shown below.

doo = koo = k11 — 2k1 + 81 + s, +n — 1,
dor = ko1 = —ku1 — s1+ ka1,
din = kio = —k11 — sn + k1,

loo =111 — k1 —lL +n,

lor = —l11 + 1y, and

lio = —li1 + k1,

where k is the number of 1’s in the state sequence S'7.
Define w as
w = (k1, k11, 11, 81, Sn)-

Ln that Correspond to the Same w. Now we have

2.1.4. Transition Sequences s
formulas for the parameter estimators and the method to find the exponents that are
used in the formulas; but, as they are the computation is expensive. The summation
over all the elements in 2,, which is the set of all possible state sequences of length
n, means 2" additions since the state space is size 2. Luckily, many different state
sequences have the same corresponding values of w = (k1, k11,011, 51,8,). For example,

if o1 = (0,1,1,0,1,0,0) then there are four different s™7 values that have the same

w = (Sl,sn,]ﬁl,kll,ln) = (0, 1,3, 1, 1), which are
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(0,1,0,0,0,1,1)

0,0,1,1,0,0,1
17 (7777??)

(0,0,1,0,0,1,1)

(0,0,0,1,1,0,1).
Actually, since s1,s, € {0,1}, k1 € {0,1,...,n}, ki1 € {0,1,...,n — 1}, and l;; €
{0,1,...,max(k1,l1)}, we can see the size of (), is less than 4n3. Furthermore, since
many of the combinations of ki, k11, $1, sn, and [y are impossible given a particular
ol the size is much smaller than 4n3. For example, when n = 25, experimentally we see
the size of €, (Ol’n) is around 4000 < 2n* = 781250 in average, while the size of Q,, is
2" = 225 = 33554432.

Let hyp(w) = hy(k1, k11,111, 1, 5,) be the number of possible values of s*™ € Q,
1n

given w and a particular observation sequence o

We observe that a symmetry exists in the distribution of h,,. Let s; be such that
1 if St = 0
0 if St — 1.

Also, let @ be the values you obtain by interchanging the state values in the transition,

given w; i.e.,
w= (k07 kOOa lOOa '§17 §n) if W = (kla klla llla S1, Sn)-

Because of the symmetry, which comes from the summation over all the possible values of

Stn e Q,,, we have
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If we fix the value of s1, say s; = 0, then it is not possible for the algorithm to consider
both w and its corresponding @ for any value of w. So, we fix s; as 0; i.e., we will first find
all the values of h,(w) such that w = (ki, k11, (11,0, Sn), then assign the same values to the
corresponding h, ().

Now, as for the algorithm to find h,, (with s; = 0 fixed), suppose we already have
the values of hy(w) for all w, corresponding to all the values of s and a partial observation

sequence o"f. Then, in order to obtain h;,1, there are two cases to consider.
o If the next transition state s;y1 is 0, then

— there will be no change in the values of s; (the first state in sb*1), k; (the
number of 1’s in s'*1), k11 (the number of times state transfers from 1 to 1 in
sb¥1) “and I3 (the number of times 1 is observed when the state is 1, given

st and ol#+1), and

— only possible change in w is that the last state s, will be 0.

e If the next transition state s,y is 1, then

— there will be no change in the value of s; (the first state in sb*1),

— k1 (the number of 1’s in s**1) will be increased by 1,

— k11 (the number of times state transfers from 1 to 1 in s»*!) will be increased
by 1 if the current state s; is also 1, and will stay the same otherwise,

— 111 (the number of times 1 is observed when the state is 1, given s'*! and o!*1)
will be increased by 1 if the next emission state o;y1 is 1, and will stay the same

otherwise, and

— the last state s,, will be 1.
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So, we start from one observed state, for which the values of hy are obvious, and keep
processing the next observation state till we find h,,. The result is the algorithm for h, (w) =
hn (81, Sn, k1, k11,011) shown below. Note that while it go through the for-loop, it also goes

through the values of w, but only through those that is possible to obtain given ol?.

Algorithm for finding h,:

Let h1(0,0,0,0,0) = 1.
for t from 1 ton —1
with all w = (k1, k11,11, 1, $¢) such that hy(w) >0
increment hyyq1( k1, ki1, i1, s1, 0) and Ay (k1 + 1, ki1 + se, L1 + opg1, S1, 1)
by the value h:(w)

end for

Since the size of Q; is much less than 4¢3 for each t = 1,2,...,n, and the for-loop repeats
n — 1 times, the number of addition is less than cn? for some constant c.

Figure 1 shows an experimental result for the size of €, for n = 40. Three hundred
0 = (a,b,x,y,r) values are randomly selected, then for each 6, a state sequence and an
observation sequence of length 40 are generated. The mean of the size of Q49, or the
number of distinguishable w-values, was 6525.81 which is considerably smaller than the size

of Qup, which is 240 ~ 1.112.
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9000

8000 u

7000
6000 R

5000 —

4000 —

3000 — —

2000 —

1000 — =

HMMs (total = 300)
Figure 1. Change in the size of Q40 with m4 = 2 and sequence length 40, over 300 randomly
generated observation sequences.
2.2. Covariance Matrix. Here we simply use the formula for estimates obtained
above, while referring to the formulas shown in Section 1.2, to find the formulas for the
covariance matrix.

Using the definitions (3.47), let

100 = g = T g0 = B 000
1 o (i) +27 dio+i+37" ki +i+37 0
and
11),. ¢1(3) + doo + 2 1),. doo + dio +7+ 3 ny
gé )()_ () ()Z)— ()(Z)

_¢1(i)+d00+1§0+3g2 _d00+d10+i+d01+492
koo +knn+i+3 ()3

T —kw+it3 2




Then, by equations (3.49), we have

k1o
E (aa | Ol’n) =F (CO(]CO(] | Ol’n)
51 neQ, =0

k1o
E (bb | Ol’n) =F (610610 | Ol’ )

slneﬂ 1=0

FE (ab | Ol’n) =F (000010 | Ol’n) =
51 ncQ, =0

Also, by equations (3.51), we have

k1o
E (brobro | OM") = 01" > PkPkugll
s1 neQy,
and
k1o
1n
E (boobio | O'") = 01" 12 Poplfzgn i) 92(1
stneQy,
for £ = 0,1 where
P ot2
ko + k1 +3

Furthermore, by the equations (3.52), we have

k1o
E (coobro | OM™)

slineQ,

E (c1obgo | OM™)

slineQ,

for k=0,1.

3. LSE with my =3, mp =2

Oln Z fzgll
Oln Z fz (11
Oln Z fzg(l)

:213(10% $ pkfzgu) V(i
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), and

11)
( Z.

1
= 5P (0 > " Pef Y gl ) g5 (i) and
=0

We consider here the case that the state space is {0, 1,2} for the state sequence and

{0, 1} for the observation sequence; i.e., my = 3 and mp = 2. Let the transition matrix A
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and the emission matrix B be as shown below.

app ao1 Qo2 €00 co1 1 —coo — co1
A=layw an ap|=|1-co—cn €10 c11

a0 Q21 Q22 €21 I —co0—c21 €20

boo b01 bOO 1- bUO
B=1byp buu | = |bo 1-bio

b20 521 bQO 1-— b20

The parameters we actually estimate are now, ¢;; and by for i € {0,1,2} and j € {0,1}.

3.1. Derivation. Letting the initial probabilities m9p = 7, = 7 = % in equations

(3.1) and (3.2), we have

1
Ors =FE (9 \ Ol’n) = W Z /0b5101a5152b5202 "t sy 15, bs0, A0 (3.59)
stineQy,
where
n 1
P(OL ) = g Z /65101a5182b5202”’asn1snbsnond9- (3‘60)
sbneQ,

Note that €2, is now all the possible length-n state sequence of 0, 1, and 2. Thus, the size
of Q, is 3". Also, as same as for the case with my = mp = 2, we need to consider the
symmetry in the HMM first to compute the integrals.

3.1.1. Symmetry. Similar to the case when the state space for the state sequence
is {0,1}, we could identify three states in the state sequence in six different ways with
{0,1,2} and so have symmetries in the probability distribution. Hence, we integrate under

the restriction that agy > a11 > age, which is same as cgg > c19 > cop.
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3.1.2. Ewaluating Integrals. As for the integrals in equations (3.59) and (3.60), we
use the result from the previous section, Section 1. As before, let k;; be the number of times
the event S;_; = i and S; = j occurs in a sequence S*" = (S1,S5s,...,5,) for 2 <t < n,
and let [;; be the number of times the event S; = i and O; = j occurs with the observation
sequence OV = (01,0s,...,0,) for 1 <t < n. Also, let K = {kij} and L = {l;,},
i,7 € {0,1,2}, u € {0,1}, denote the set of those values.

Furthermore, we rewrite the exponents k;; with dg as shown below.

koo ko1 ko2 doo dor  do2
klO k’11 k12 = d12 le dll (361)
koo ko1 koo do1 daa dag

Using the equations (3.15) and the definitions (3.10) and (3.13), we have

/b3101a3152b5202 s,y s,0s,0,d0

2 dp2 D2 P1
= TID ko) D ga1(in) > guilin, ia) galin, in) (3.62)
k=0 i=0 i9=0 11=0

where

2

B Lio'li!
f= H) (Lio + 1l + 1)V
o (—1)ds!
gro(i) = (drg — )! (dg1 + i+ 1)
e
g21(i2) = io!(Pa — i2)!Pa (i)’
. . _1 il ) !
g11(i1,i2) = o

i1l (Pr — 01)!p1 (41, 42)
(¢1(31,12) + doo)! po!
¢1(i1, iz) + doo + po + 1)!7

92(i1,i2) = (
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Di = din +dia + 1,
¢1(i1,192) = ¢2(ia) + dio + i1 + 1, and

pa(iz) = dao + iz + 1. (3.63)

Thus, we rewrite the equation (3.60) as

1n _
O = Z / 5101 @5y 5905905 "+ * sy, 15, 05,,0,d0
slneﬂ
2 dp2 P2 P1
Z I Hzgko Z 2921 i2) g11(i1,42) g2(i1,d2). (3.64)
SlnEQn k=0 i=0 i2=011=0

Also, we define the following equations, using the definitions (3.18), (3.19), and

(3.20):
9o dey +i+2 grkol?), .
(1) __ Olinde)
g1y (i1,42) = S1(in,in) + 1 g11(41,12), (3.65b)
@)y (1) (p1 + 1)!
911 (i1,12) = i1 — i1+ D)1 (irsi) (3.65¢)
(). Pa2(i2) .
91 (i2) = o2l + 1 g21(i2), (3.65d)
@ (D2 @2+ 1)
o1 (i2) = 2 Bs— 2 £ Didalia)’ (3.65¢)
O ¢1(i1,42) + doo + 1 o
i1,02) = — —~ 1,1 and 3.65f
g2 (i1, 2) ¢1(41,42) + doo +p0+292( 12) ( )
po + 1 o
957 (in,iz) = o g2(i1,%2). (3.65g)

¢1(i1,42) + doo + Po + 2
Using the definitions (3.16) and (3.21) for G and G4, respectively, we get the following

estimates from the equations (3.22):

P2 P1

coo = 01" 12 -GN galia) gualin,io) 95" (i1, i2,) (3.66a)
sbneQ, i2=0141=0



P2 P1

1o = 01” >FGY Y gnlio) gty (i, i2) g8V (i1, ia),
51"€Q 12=0141=0
P2 P1 )
Coo = 01" oGy, Zggl ia) 9§ (i1, 82) 93" (ir, i),
sl’neﬂn 12=011=0
P2
o1 = 01” ST G galiz) gui(in,iz) 952 (i1, i2),
slneQn 12=011=0
p2 p1+1
¢11 = 01" Z f-G1 Z 2921 (i2) 911 (i1,12) g2(i1,12),
51"69 i2=0i1=0
1 p2+1 p1 @
Co1 = 3P (0 D FG ) D> g5y (i2) gii(insda) galin,ia),
sLme O, 1220110
and
A P2 1
bro = 01" S P f G galin) gualin,ia) galin,da),
slneﬂ 19=0141=0
where
2 di2
G =112 (@)
k=0 i=0
and
2 di2
1
—Gs1—Zg() ) - TID gro(@)  for s € {0,1,2}.
k=0 i=0
k#s

Also, using the notation G, we can express P (OL”) as

P2 P1

P (Ol’n) = % Z f-G Z Z 921(i2) g11(i1,i2) g2(i1,72).

shme Qy i2=0i1=0

71

(3.66b)

(3.66¢)

(3.66d)

(3.66¢)

(3.66f)

(3.66g)

(3.67)
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3.1.3. Finding Exponents. We try to rewrite exponent sets K and L so that they
are expressed as sums and/or differences of quantities that are eventually converted to
quantities that will be used in the algorithm to find the exponents efficiently.

Define § and ~ as a function of s; and o, respectively, as

1 ifi=jy 1 ifu=v
di(J) = and 7 (v) =
0 ifi#j 0 ifuz#w
where i,j € {0,1,2} and u,v € {0,1}.

Let R and M be as defined in Section 1. Then, we have

1 1 1
M=10 1 2
0 1 22
so that
T00 T01 T02 1 -3 1
R=M"=|ry ry rof=]0 2 -1},
To0 T2l 722 0 -3 3%
and
$(2-3j+4%) ifi=0
0i(j) = 4 25 — 2 ifi=1

3(—=j+34?) if i = 2.
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We will find K and L using the values of 7;; above and the quantities below.
1n

k1 = number of 1’s in s

ks = number of 2’s in s"

k11 = the number of 11’s in s'"

k15 = the number of 12’s in sb"

k9y = the number of 21’s in s>

koo = the number of 22’s in s™"

l; = number of 1’s in o""

[11 = number of times s; =l and o, =1, for 1 <t <n
lo1 = number of times s; =2 and oy =1, for 1 <t <n
Then, using the results from Section 1, we have the following:
1
koo = ka2 + ka1 + k12 + k11 *2k2*2k1+§ (*5%*8721+381+35n) +n—1
kor = —koy — k11 + k1 + 87 — 281
1 2
koo = —koo — k1o + ko + 5 (—81 + 81)
k1o = —kia — k11 + k1 + 52 — 255,
1 2
koo = —ko1 — koo + ko + 3 (=sp + sn)
and
loo=l1+1l —ka—k1 —li+n
lor = —lin =l + 14
lio = —l11 + k1

log = —l21 + ko.
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Now, L and K can be expressed as a function of w where
w = (k1, k2, k11, k12, k21, k22, 11, [21, 51, $n)

As before, let hy,(w) = hy(k1, ko, k11, k12, ko1, k22,111, (21, $1, Sn) be the number of possible
values of s € (,, given a particular observation sequence o'". Then, for example P (OL”)
can be computed by summing over €),,, which is the set of all w-values that corresponds to
the combination of some s € €,, and a particular observation sequence o'".

We find the values of h,, in a similar method used for the case myq = mp = 2
described in Section 2. Suppose we already have the values for h;(w) for all w, corresponding

all the values of s and a partial observation sequence o™. Then, in order to process the

next observation o441, there are three cases to consider.
o If the next transition state s;y1 is 0, then

— the last state s,, will be 0, and

— the rest of the quantities will stay the same

e For j € {1,2}, if the next transition state s;y; is j, then

the last state s, will be j,

Lit+1)

— kj (the number of j’s in s will be increased by 1,

— kij (the number of i5’s in s"**1) will be increased by 1 if the current state s; is
i, and will stay the same otherwise, for i € {1, 2},

1,t4+1 Lt+1)

— 1j1 (the number of times 1 is observed when the state is j, given s and o

will be increased by 1 if 0,41 = 1, and stays the same otherwise, and

— the rest of the quantities will stay the same.
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As before, we start from one observed state o1, find hy, then iteratively find hyy1(w)
till t + 1 = n. Also, there are symmetries with the values of h,, that correspond to w that
has s1 =0, sy = 1, and s; = 2. So, we need just to find the h,-values that correspond to

the set of w-values for which, say, s; = 0 is fixed.

Algorithm for finding h,:

Let h1(0,0,0,0,0,0,0,0,0,0) = 1.
for t from 1 ton —1
with all w = (k1, k2, k11, k12, ko1, ko2, l11, l21 0, s¢) such that hy(w) > 0
Increment hyyq(k1, k2, k11, k12, ka1, k22, l11, l21, 0, 0) by the value of h;(w).
for j =1 and 2
Obtain @ from w by incrementing k; by one, ks, ; by one, and lj1 by 0;41; then
replacing s¢ by j.
Increment hyy1(@) by the value of hy(w).
end for

end for

Since the algorithm goes through the for-loop n — 1 times, and the size of €, is less than
n8, the total number of addition is less than cn* where k = m124 = 32 = 9 for some constant

C.



3.2. Covariance Matrix. As for the covariance matrix,

E (681151 Csato | Ol’

n), E (bslo 1)520 | Ol’n), and F (Cs1t b520 | Ol’n).
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we want to find

First, using the definitions (3.47) in Section 1.2, we define new functions as shown

below.

gt (0)

gglll)(zla Z2)

(22

93 (i, iy) =

(12)

G171 (i1, i2) =

921

(22)

921 ( ):
g5y (i) =

g (i, ia) =

9522)( .

g (i, ig) =

T dt+it3

(11)( 5) =

i1, i2) =

Gt 0H L o),
¢1(i1, i2)
¢1 (i1, i2) + 2

(1) (p1 + 2)!
i1!(p1 — i1 + 2)1¢1 (i1, i2)’
(=1 (pr +1)!
il(pr — i1 + D (1 (in, i2) + 1)
P2 (i2)
P2(i2) + 2
(1) (p2 + 2)!
io!(Pa — i2 + 2)¢a(ia)’
(=1)2(p2 + 1)!
io!(p2 — i + 1)! (¢2(i2) + 1)’
¢1(i1, i2) + doo + 2 1),.
¢1(i1, i2) + doo + po + 3 92°(
Po + 2
¢1(i1, i2) + doo + Po + 3
po+ 1
¢1(i1, i2) + doo + Po + 3

g11 (i1, i2),

g21(i2),

i1, 12),
2, .
gé )(/Ll? 12)5

g9 (iy, iy).

(3.68a)
(3.68b)
(3.68¢)
(3.68)
(3.68¢)
(3.68f)
(3.68¢)
(3.68h)
(3.681)

and

(3.68))

Also, using the equation (3.48) with sy, s2 € {0, 1,2}, we define Gy, 5, as follows:

If81:SQZS,

and if s; # s9 then

5182_ § 931,

dso 2 di2
11)
E HE 9k0s
=0 k=0 1=0
k#s
dsy,2 di2

(1)
Z Gsa.o
k=0 =0

k#s1,52

H ngo

(3.69a)

(3.69D)
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Using the equations (3.49), (3.51), and (3.52), we can write the expected values in the form
E (uv | OL”) as follows (while, as in the general case m4 = m, the indices for ga1, g11, and

g2 are fixed and therefore omitted below):

P2 D1

) (600000 | Ol’n) = Ol n Z f G Z Z g21 911 92 (3-703)
51 neQ, 12=01;=0
1 P2 P1 .
E (000001 | Ol’n) = m Z f-Go Z Z 921 911 gé ) (3.70b)
sbreQy, 12=0171=0
1 P2 D1 . "
E (coocro | O1") = 3P (0 Y G D gm a1y g8 (3.70c)
sbreQ, 10=0141=0
P2 P1 11
E (000020 | 01’ ) Ol n Z f G Z Z 921 11 ) (370d)
sl neQy i9=0141=0
1 p2 p1+l _—
E (coocr1 | O) = 3P (0 G D gn a7 g5 (3.70e)
sbreQy, i9=0 i1=0
p2+1 p1
E (000021 ‘ Ol’ ) Oln Z f GQ Z Z 921 gi1 g( ) (3.70f)
sl neQy, i2=0141=0
P2 D1
E (corcor | OM") = 01 7 ST G YD g gun g8 (3.70g)
51 neQy i9=011=0
1 P2 P ) o
B {enewo | 0') = gppmay > f-God2 3 gmon 6 (3.70h)
slneQy, i2=0141=0
D1
E (001620 ’ Ol’ ) Ol n Z f GO Z Z g ﬁ) g§12 (3.70i)
slneQn 12=01%1=0
P2 p1+1
E (coren | OV) = 01" S Gud Y gn a7 g5 (3.70j)
51 neQy i2=0141=0
p2+1 p1
E (corea1 | OM) = 01 m Z f-Gao Z Z Qg) 911 92 (3.70k)

31"69 12=011=0



78

0) p1(0)
E (cige10 | O7) = OM Y f-a Z 3 g gl g8 (3.701)
51”69" i2=0 i1=0
P2 P 11 y
E (caoc20 | OM) = Oln Z f-G Z Z ) ( ) (3.70m)
51”69 i2=0141=0
ron 1) (11 (11
E (c10c20 | 01’") = Oln Z f-G Z Z gél) g& ) gé ) (3.70m)
81 neQy i2=0141=0
p2 pit+l i )
FE (610611 | 01’ ) Oln Z f Gl Z Z g21 g& ) gé ) (3.700)
81 neQy 12=071=0
p2+1 p1 . .
E (ewea | OM7) = Oln S orG Yy Y g gl g (3.70p)
slneﬂn 12=0 11=0
p2 p1+l . b .
E (c20c11 | oLn )= Oln Z f-Gy Z Z gél) 9§1 ) gé ) (3.70q)
SI”EQ 12=011=0
p2+1 p1
E (capcar | OY) = oln S YN g gl g (3.70r)
slneQ 12=011=0
P2 p1+2 ”
E (ciicen | Ol’") = 01 ) Z f-Gn Z Z 921 9&1 ) 92 (3.70s)
sl neQ, i2=0 i1=0
p2+2 Py -
E (ca1091 | ot ) = 01 D) Z f-Ga Z Z 951 ) 911 92 (3.70t)
51 neQ, i2=0i1=0
p2+1pi+1 .
E (crico | O) = Oln Z f-Gi2 Z Z gél) g§1> g2 (3.70u)
Sl neQn, i2=0 i1=0

As for the expected values F (bsl,obSQ,o | 017”), s1, 82 € {0,1,2},we define ]55 as

D lsO +2
Pi=——— 3.71
lso+ 151 +3 (371)
as previously defined in equation (3.50). Then, if s; = sy = s, we have
P2 D1
E (bsobso | O"") = OM > PPf-GY D go19n g2, (3.72a)

SI"GQ 120=011=0
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and if otherwise, then

P2 P1
E (bs,0bss0 | OV") = 01 m Y PPy f-GY Y gngnge (3.72b)
51 neQy, 12=011=0

The expected values in the form E (csltbszo | Ol’”) are as shown below.

. 1 D2 P1 . )
E (Cl(]bso | Ol7 ) = W Z Psf -G Z Z ga21 g%l) gg ) (3733)
shreq, i5=0141=0
1 P2 D1
E (ca0bso | O'") = 3P (07) > PfGY Z a5 oty 95" (3.73b)
sbne Q, 12=011;=0
1 P2 D1 .
E (Coobso ‘ Ol’n) = W Z Pf-G Z Z 921 911 gé : (3.73¢)
slnecQ, i2=011=0
1 P2 p1+1 @
E (Cllbso | Ol’n) = W Z Psf -G Z Z 921 911 92 (3'73(1)
slmeq, i2=0 i1 =0
1 p2+1 P1 @
E (caibso | OM") = 3P (0 Yo PfG2Y Y gn guge (3.73e)
shreQ, i2=0 i1=0
1 P2 D1 @
FE (COIbSO ’ Ol’n) = W Z Psf . Go Z Z g21 911 9o (3.73f)
slnecQ, 12=011=0

4. LSE with my =5, mp = 2

Here we consider the state sequence with state space size five. The transition matrix

A and the emission matrix B are now

apo ao1r @o2 ap3 ao4 Coo Co1 Co2 €03 Co4
aip a1 a2 aiz a4 €14 Cl0 C11 €12 €13
€23 C24 C20 C21 C22

G20 G21 Az a3 (24

azp a31 G32 33 (34 €32 €33 C34 C30 C31

G40 Q41 Q42 G43 Q44 C41 €42 C43 C44 Ch0
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and
boo  bo1
bio bn
B=1by ba
bso b3
byo ba

Furthermore, as in Section 1 we use the expression d;; for the exponent that corresponds

to the parameter ¢;;, which appears in the integration (3.75) below. So, we have

koo kor ko2 Koz Koa doo dor doz doz doa
ko ki kiz ks ks dia dio din diz di
koo ko1 kao koz koa | = | d2s daa dao don da2 | - (3.74)
kso ks ksa ksz ksa dga dgz dza d3o dsi
kio ka1 kaz kaz Kaa dyn daz dag daa dao

4.1. Derivation. We use the same definition as for the exponents k;; and l;;; i.e.,
we let k;; be the number of times the event S;_1 = ¢ and S; = j occurs in a state sequence
Stn = (81,8s,...,8,) for 2 <t < n, and let l;; be the number of times the event S; = 4
and O; = j occurs with the observation sequence O%" = (01,0s,...,0,) for 1 <t < n.
The formula for exact LSE can be derived using the results from Section 1, which describes
the method for the general case ma = m for any positive number m.

From the equation (3.15) and the definitions (3.10) in Section 1, with m = 5 we have

/b8101 Usy55 05900 "+ * Usyy 15,050, A0

4 1 pe(d) P4 Ps P2 P1
=F IV I D2 gk | - D2 D D0 ga(l) gs1(Is) g2 (I2) gua(fh) g2(Ih),
k=0 |j=—1 i=0 i4=0i3=0 i3=0 i1 =0

(3.75)



where

Pe(—1) = dpa

pe(i) =pe(i — 1) + dp,3—; +1 fori=0,1

P =pr(2) = pr(1) +dp,1 +1

O(Ix) = dpr1(Tps1) +dpo +ip +1 for k=1,2,...

¢5(15) =0
I = (ig, Gga1s - - - 13, 14)
o (=1)"pr(5)!
gro (1, ) = il(pk(j) —i)!(dg,2—j + 1+ 1)
(=)
90 k) = G i) a ()
wolls) = (¢1(I1) + doo)! o!

(¢1(11) + doo + po + 1)!
ZO‘ lzl
f E} 10+lzl+1

As for 0,5, we first define P;, as

lk0+1

k:lko-i-lkl-i-?’

4

81

(3.76a)

(3.76b)

(3.76¢)

(3.76d)

(3.76¢)
(3.76f)
(3.76g)

(3.76h)

then use the rules shown in (3.18), (3.19), and (3.20). With m = 5 we have the definitions

shown below.

dk72_j +i+1

dk,Q,J’ +i4+2
(=1)"(pr(G) + 1)!

il(pr(j) — i+ D(dg,2—j +i+ 1)’

g\ (i, ) = aroli §),

g,(f)) (i,9) =
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by o)
gy (Ix) = or (L) + 1 gr1 (),
0 D 1)
g Uk) = ik (P — ik + 1)!on(Ik)’
(1) $1(11) +doo + 1
() = é1(11) + doo + po + 2 o) and
( )( L) = pot1 92(I1)

é1(I1) + doo + po + 2

for k € {1,2,3,4}.
Now, using the definitions (3.16) and (3.21) for G and G, respectively, and from

the equations (3.22), we get the formulas for the estimates of ¢s and by are as follows:

e Caset=0:
1 P4 D3 P2 D1
Coo = 5P (01 > 1@ Z 1(13) g3 (I3) gon1 (1) gui (1) 68" (1)
sbneQ), i4=013=015=0141=0
1 P4 P3 P2 D1 . .
Cl0 = 5P (0 Z f-G 9a1(14) g31(13) g21(12) 9&)(11) gé )(11)
sbneQ, 14=0143=042=0141=0

™
=
™
@
™
N
™
=

R 1
0 = 550t > r-a g1(Ls) g31(I3) 9 (1) 97 (In) o (1)

(]
1]
(]
(]

sbneQ, 14=013=01i2=0141=0
1 Pa D3 P2 P1 W W @ @
C30 = 5P (0L Z [-G Z Z Z Z 9a1(14) 931" (I3) 931" (I2) g1y (1) g5 * (1)
sbneQ), 14=013=01i2=0141=0
1 O SN R D) oDy oDy o001 o)
Ca0 = W Z f-G Z Z Z Z 9a1 (11) g31°(I3) 931" (I2) 911" (11) g5 * (1)
sbneQ, 14=013=01i2=0171=0
(3.77a)
where
4 1 ()
G=T111I D_ aroli.d) (3.77b)
k=0 |j=—1 i=0

e Casete {1,2,3}:
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Ppa P3 P2 Pi

ot = 01" Mo G YD DT ga(Ia) gsi(Is) ga1(L2) gn (1) 952 (I)

31”69 14=043=0142=0141=0
p4a  p3 P2 p1t+l

Cie = 01” Z f G Z Z Z Z ga1(14) 931(13) go1(12) 9%1)(11) g2(I1)

slneﬁn 14=013=01i2=0 71 =0
P4 Pp3 p2+l p1

Cot = 01" > fGud YYD gnl) ga(ls) 957 (I2) g11(11) ga (1)

SlnEQ 14=013=0 22=0 21=0
pa p3+l p2  p1

Cat = 01" Z G Z Z Z Z ga1(14) 931 (13) g21(12) g11(11) g2(11)

51"69 14=0 i3=0 i2=01i1;=0
1 pat+l p3  p2  p1 @
Cat = m 12 [ Gat Z Z Z Z 941 (1) g31(13) 921(12) g11(11) g2(11)
slineQ, 14=0 13=012=0121,=0
(3.77¢)
where
1-t ps(d) s(2—t) . 1 ps()+1 )
Ga=| [] D gelii)| | D a2~ 1) 11 9% (i, )
j=-11i=0 i=0 Jj=3-t =0
4 1 pi(d)
111 11 gro(i, ) for s € {0,1,2,3,4}. (3.77d)
k=0 |j=—1 i=0
#5
As for the estimates Bko, for k=0,1,...,4, we have

P4 Pz P2 D1

bro = 01” Yo PfG YD gn(ly) ga(s) gar(I2) g (1) ga(n),

slneﬁn 14=0143=0142=0141=0
(3.78)

Also, from the equation (3.4), we have

Pa Pz P2 Pi

01“ = Z f-G Z Z Z Z ga1(14) 931(13) go1(12) g11(11) g2(11).

slneQn 14=013=0142=0171=0

Here, as before, the product notation with its index going from larger value down to smaller
value is defined to equal 1.
As for the exponents K = {k;;} (which can be expressed with the corresponding

{d;;}) and L = {l;.}, i,j € {0,1,2,3,4} and k € {0,1}, given a state sequence S>" and an



observation sequence O let rij be

For m4 = 5, we have

T00 701
ri0 T11
R=1ry ry
T30 731
r40 T4l

T02

12

22

32

T'42

703

13

23

733

743

T04

14

724

T34

T'44
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as defined by the equation (3.27) for ¢ in Section 1.

24

0

0

0

0

—50

96

—72

32

—6

35

—-104

114

—56

11

—10

36

—48

28

—6

1

(3.79)

Then, using the equations (3.41) in Section 1, we have the following: For i,j € {1,2,3,4},

koo =) ka—zwr Zrﬂ

where the values of r;;

where

4

i=1

— Z (kij + T‘jz’Sil) + kj,

4

_Z kzy"‘”] n kz

are as in the equation (3.79). Also, with m4 = 5, we have

w = (K4, K447 Ly, sy, Sn)

Ky = (k1, ko, k3, ka),

4
_Z i1 — ki) =11 +n,
= —Zlil —|—l1, and
=1

= —la + ki,

31+s

+n—-1,

(3.80a)

(3.80b)

(3.80c¢)

(3.80d)

(3.80e)

(3.80f)



k11

Ko ka1

k31

ka1

Ly = (11, lo1, I31, la1) -

k12
ka2

k32

k4o

k13
ka3
k33

ka3

k14
ka4
k34

kaa

and
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(3.81)

Again, let h,(w) be the number of possible values of %" € ), given a particular observation

sequence o™,

For the algorithm for finding h,,, we observe the following:

e If the next transition state s,y is 0, then

— the last state s,, will be 0, and

— the rest of the quantities will stay the same

e For j € {1,2,3,4}, if the next transition state s;y; is j, then

— the last state s, will be 7,

— kj (the number of j’s in s

Lt—i—l)

will be increased by 1,

— kij (the number of ij’s in s"*™1) will be increased by 1 if the current state s; is

i, and will stay the same otherwise, for i € {1,2,3,4},

lj1 (the number of times 1 is observed when the state is j, given s

1t+1 L1

and o

will be increased by 1 if 0,11 = 1, and stays the same otherwise, and

the rest of the quantities will stay the same.

The algorithm is as shown below. Using the algorithm below, we first find the values of

hpn(w) for w-values that corresponds to s, € {ﬁn} that starts with s; = 0. Then, for each
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value i of states {1,2,3,4}, we interchange the states ¢ and 0 to evaluate the integration
necessary for the LSE. (For example, if k3g = x results from the original w then let k3; = z,

and so on. See the description in Section 1.1.)

Algorithm for finding h,,
Let h1(04,0%,04,0,0) = 1, where 04 is a length-4 zero vector and 0** is a 4 x 4

zero matrix.

for t from 1 ton —1
with all w = (K4, K*, L4, 0, s;) such that hy(w) > 0
Increment hyy1(Ky, K44, Lg,0,0) by the value of hy(w) (for the case s;11 = 0).
for s441 from 1 to 4
Obtain @ from w by incrementing

(i) kg,y, in Ky by one,
(i) ksy,sps, in K* by one, and
(444) ls,y,1 in Ly by 0441,

then replacing s; by s¢y1.

Increment h;y1(w) by the value of hy(w).
end for

end for
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HMMs (total = 300)
Figure 2. Change in the size of Q7 with m4 = 5 and sequence length 6, over 150 randomly
generated observation sequences.

Figure 2 shows the experimental results for the size of Q, for n = 7. As done in
the case of the state space size my = 2, three hundred § = (A, B, ) values are randomly
selected, but « is fixed as % Then, for each 0, a state sequence and an observation sequence
of length 5 are generated. On average, the size of Q7 was 12600.2, which is smaller than
57 = 78125, but not as significantly smaller as in the case of my4 = 2. The size reduction

gets more significant as the sequence length increases.

4.2. Covariance Matrix. In order to find the covariance matrix, we need to find
E (Cs1t, Csaty | OF™), E (bsy0bsy0 | OV"), and E (cg,¢ bsyo | OF7).
Using the definitions (3.47) and (3.48) in Section 1.2, we first define functions shown

below.

(W oy o Tl

gk,‘O (,Lv.])_ dk72—]+1+3 gkO(/ij)a (382&)
—1) )+ 2)!

gD(ig) = L Peld) +2) (3.82b)

(pe(d) — i +2)(dg,o—j +i+ 1)’



gl(d (1) = ¢quk() ) g1 (Ix),
), (1) (pp(2) +2)!
g k) = i (pr(2) — ik + 2)or(Iy)’
(12) 7\ _ (=) (px(2) +1)!
gm (k) = i (pr(2) —ix + 1) (o (Ix) + 1)
(0(n) = oAt 2 gy

" ¢1(11) + doo + po(2) + 3

(22) 7y _ po2 + 2 @) and
2)+1
A2 (1) po(2) A1),

- é1(11) + doo + po(2) +3

Also, define G, ¢,, 5,1, as follows: If 51 = so = s and t; = t3 = t, then
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(3.82¢)
(3.82d)

(3.82¢)

(3.82f)
(3.82g)

(3.82h)

1—t ps(]) ps 2 t) 11 1 ps(j)+1 99
st st — H ZQSOZ] Z g( Z 2_t) H ggo )(Zvj)
J J=3-t

=—1 =0 =0

!

k=0 | j=—-1 =0
k#s

j246))
H ngOZJ]

If s1 = s9 = s and t; # ta, let T = maxz{t;, t2} and t = min{t;, t2}. Then

1-T ps ps(Q_T) 1—t ps(j)+1
st1 stg — H Z gsO { .7 Z ng) (Z 2 - T)
j=-11=0 =0 j=3-T =0
ps 2 t) 12 1 ps(j)+1 99
Z d?G2-n| | I Y
7=3—t =0

H[ﬁpkz(j:gkolj

k=0 |j=—1 i=0
k#s

(3.83a)

(3.83b)
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If s1 # s9 then

1—t1 psl p51(27t1)
1 .
Gty sata = H Z 9s1,0(t,7) Z g£1?0(272_t1)
j=—1 i=0 i=0
1 ps ()H1 1—ty Psy(J
2
11 a2 | | I1 Z 955,04, 5)
Jj=3-t1 =0 j=-1 i=0
Psg (2—t2) 1 Psy()+1
1 2
9002~ 1) 11 920, )
=0 j=3—t2 =0
4 1 pe(d)

II |II ngo(i,j) : (3.83c)

For s1,s9 € {1,2,...,4} and t1,t3 € {1,2,...,3}, we have the expected values as
shown below. Note that, in order to avoid listing all the possible combinations of values of
s1, 82,11, ta, same quantity is sometimes written more than once or some subscriptions are
not in the range.

For example, in order to find F (010020 | Ol’"), if we simply plug in s; = 1 and so = 2

in the equation (3.84g) below, then we get

2) p2(2) p1(2)
E (610620 | Ol’n) = Ol n Z f G Z Z Z Z g41 g31
slneQn i4=0 33=0 i3=0 41=0

1 1) (11 11
" 931 951) 951) ' 'gél) ggl : 9(()1 ) 9( ) 95 )v

since @ = maz{l,2} =2 and ¢ = min{1,2} = 1. So, as it is, it has g(()lll), which subscript
(i.e., 01) is out of range, and several expressions that appear twice. But, if we (7) ignore the
expressions with invalid subscript and (i7), in case of the same expression appearing more

than once, ignore the factors in between, then we get

Pa(2) p3(2) p2(2) p1(2)

FE (610620 ’ Ol’n) = Oln Z -G Z Z Z Z 941 931 921 9511) g(ll)'

SlnEQ i4=0 i3=0 23=0 i1=0
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Now the formulas are as shown below.

1 p4(2) p3(2) p2(2) p1(2) )
E (cgocoo | OV™) = 5P (0 Z f-G Z Z 941 931911 Go -
sbneQ, 14=0 43=0 22=0 21=0
(3.84a)
1 202 12
E(CQO Coty ‘ Ol’n) = oAl Z f GOtQ Z Z Z Z 941 931 - 911 'gé )
5P (O ’n) sbineQ), 14=0 i3=0 22=0 i1=0
(3.84b)
pa(2) p 2) p1(2)
E (coo 50 | OV") = 01” >, @G Z Z Z > g1 g
Slneﬂ i14=0 i3=0 22=0 i1=0
1 1 1 11
“9sa+1,1 9£2?1 ggg)—l,l e '9%1) 'gé )-
(3.84¢)
pa(2) p3(2) Psg+1(2) psy(2)+1 psy—1(2)
ETPRE R iR 55 S S b »
81 neQ, i4=0 i3=0 7452+1 =0 7,52—0 132 1=0
1
: Z 941 931 *** Gsot1,1 931 Gt g1 gy (3.84d)
11=0
1 p4(2) p3(2) p2(2) p1(2) ’s
E (cot, cor | OV") = 5P (01) > FGonony, Y. D> D gugsgn g5,
sbneQ, 14=0 i3=0 22=0 i1=0

(3.84¢)

p4(2) p3(2) p2(2) p1(2

E (cot, Csp0 | OV™) = 01” Z J - Go, Z Z Z Z 941 931

51"69 i4=0 i3=0 i2=0 41=0

L @ (1. (12
“"Gso+1,1 9sy01 9sp—1,1911 92 -

(3.84f)
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P52+1 )psz )+1 Psg— 1(2)

E (cot, Csat, | OLn) = Oln Z fGotr,sato Z Z Z Z Z

s1 ncQn i4=0 i3=0  is5541=0 i5,=0 i5,-1=0

: . (2) PR )
Z 941 931 """ Gso+1,1 9g, 1 9so—1,1"" " g11 " Yo
i1=0

Let Q = max{s1, s2} and ¢ = min{sy, s3} then

pa(2) p3(2 ) p1(2)
E (50 Csp0 | OV™) = 01” DY Z Z > a1 gn
81 neQy, 14=0 i3=0 23=0 i1=0

) 1) (11 11 11
1 9Q+1,1 9291) 9&911,1 9§+)1 1 gz(ﬂ ) 95;—1),1 “ ‘9§1 ) ~g§ )

(3.84g)

If s1 = s9 = s then

p4(2) p3(2)  Ps+1(2) Ps(2)+1 ps—1(
]'7 —
B (cso ey | OV) = Oln Y. FGan ), Z OIS Z
slneQ i4=0 i13=0 i541=0 is=0 i5—1=0

12 1 1 1
’ Z 941 931 - Gs+1,1 gil ) 922171 e ’951) ‘gé )~
11=0

(3.84h)

If 51 > s9 then

Psy+1(2) Psy(2)+1 psy—1(2)

E(0810 Csgts | OLn) = Oln Z f- Gyt Z Z Z Z Z

sl neQy, 14=0 i3=0  i5541=0 i5,=0 255—1=0
. n @

941 931+ 9s14+1,1 sy 1 9s1-1,1
i1=0

1 12) (1 o a _
g g gl et e (3.840)
If S1 < 89 then

p3 2) P52+1 2 1%2(2)-1‘1 Psg— 1(2

E (0510 Coots | Ol’n) = Oln Z [ Gy Z Z Z Z Z

31 neQ, i4=0 i3=0 ds541=0 45,=0 i5,—1=0
p1(2)
(2)
941 931 Gs2+1,1 sy, 1 9sa—1,1
i1=0

1 1 1 1 .
cgarn1 gl o e g (3.84))



92

If s1 = s9 = s then
-1(2)

p3(2) +1(2) ps(2)+2 ps—1
E (Cstl Csty | Ol’n) = Oln Z [ Gty sty Z Z Z Z

51"69" 14=0 13=0 1=0 is=0 i5_1=0

)

22
' Z a1 931 Gs 1,1 910 Gs—1,17 g11 - go. (3.84K)
i1=0

If s1 # s9 then, with Q = maxz{s1, s2} and ¢ = min{sy, s2},

2) p3(2) PpQ+1(2) P2+l Po-1(2)

B (e e | 07) = st 3 5 TR 35 S SHD Db S

sl neQn i4=0 i3=0 ig+1=0 ig=0 ig-1=0
Pg+1(2) pq(2)+1 pg—1( @
) Z Z Z Z 941 931 """ 9Q+1,1 9g1 9Q-1,1

ig+1=0 =0 124—1=0 11=0

2
" 9g+1,1 9(51) Gq—1,1" 911 " 92

Similarly, as for the expected values F (bshobS%Q ] Ol’"), s1,s2 € {0,1,...,4}, we

define P, in the same way as defined in (3.50).

~ lso+ 2
P 3.85
3 lsO + lsl +3 ( )
Then, if s1 = s = s, we have
pa(2) p3(2 2) p1(2)
E(bsobsolol’n): 01” > PP-fG) Z Z > ga g3 g ga
Slneﬂn 14=0 i3=0 122=0 i1=0
(3.86a)
and if s1 # s9, then
p4(2) p3(2) p2(2) p1(2)
E (bs;,0bs5,0 | OM") = 01” Y PyP,-f-G DD gargsic g g
31”69 i4=0 i3=0 i3=0 21=0

(3.86b)
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As for the expected values in the form E (cs,¢ bs,o | OM™), we have the following:

1 2) p2(2) p1(2
E (6810 6520 | Ol’n) = W Z P32 f G Z Z Z Z g41 g31
sbineQ), 14=0 43=0 22=0 i1=0

1 1 1
"t 0s14+1,1 ggl,)1 921)—1,1 951) gé )-

(3.87a)

p4(2) p3(2) p2(2)

3(2)
E(CoobsQOOI’")ZM Do PufGY >

p1(2)
ey
941 931911 - go "
sbneQ), i4=0 i3=0 i5=0 i1=0

(3.87b)

1 2) p3(2)  Psy+1(2) psy (2)+1 ps;—1(2)

WZPSJGMZE DD DY

sbneQ), i4=0 i3=0 sy 4+1=0 is5;=0 di5;-1=0

E (Cslt b520 | Ol’n) =

2
) ga1ga1 e gstan 9;31 gs;—1,1°7-g11 - g2 (3.87c)
i1=0

1 pa(2) p3(2) p2(2) p1(2) @)
E (cotbs,0 | OM") = 5P (0 > Puf-Gu ), D gngscgucgy -
14=0

sbneQ, i3=0 i9=0 i1=0

(3.87d)

5. LSE with Particle Filter

Particle filters are sequential Monte Carlo methods, which can be applied to any

probabilistic state-space model, also known as sequential importance sampling algorithms

[2, 10]. Considered here is one of the basic implementation of the particle filter method.

This is a method that is widely used in various stochastic systems, although most often it

is used for prediction not for parameter estimation.

For parameter estimation, we consider a vector of state S; and parameter set 0,

which we will call as p; = (5S¢, ), and its assigned normalized weight w;. The idea is that if
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ORGM : , ) (i)
(1) we sample from p; to get yp;’ ¢ X (2) assign a normalized weight w; ' to each p;’ so
1=
that, given an observation sequence O™, the more likely pgi) is the heavier the weight is,

Yy N
and then (3) resample from {pgl)} so that a sample with heavier weight is more likely
i=1

to be sampled again; then we will eventually find an approximation of P (pt | Ol’”). The

AN
samples in {piz)}' , are called particles.
1=

Given an observation sequence O, the expected value of p; can be obtained by
N . .
E(pt) = /PtP (pe | OY") dpy = ngl)pgz)‘
i=1

5.1. Algorithm of the Particle Filter. Let 6 = {m, A, B} be the parameter set,
wt(“ be the normalized weight for the i-th particle pgi) = (St(i), 9?) for discrete time ¢, and

Ln s given.

N is the total number of particles. Assume a particular observation sequence, o
In below, the outline is given first, then the detailed description is given as Algorithms 1,

2, and 3.

MAIN (Particle Filter)

: : ONRE SOOI G
(1) Randomly pick the first set of particles {pl }iZI = {(31 .01 )}1:1, then

attach weights u’)l(i) that are computed using ng’)’ Hgi) and o;. [Algorithm 1]

NN YN
(2) Resample from {pgz)}' . to have a new set of particles {135““)}' , according to the
i= 1k

assigned weights wl("). [Algorithm 2]

(3) Repeat the procedures below for each oy, ¢ from 2 to n

. OAGM
Pick the next set {p;” ¢

1=

YN
according to the values of current set {ﬁgi’“i}
1 ig=1

(4)

and o, while determining each weight w, ’ using sgi), 0,@ and o;. [Algorithm 3]
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Yy N . N
Resample from {pgl)} to have a new set of particles {ﬁglk)} , according to
i=1 =1

=

the attached weights u’}t(i). [Algorithm 2]

NN .
(4) Let the average value of the parameters in {0,(12)}‘ . be 6, which will approximate
1=

Ors = E(0 | OV,
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Algorithm 1: Pick the first set of samples.

Repeat until N particles {pgi)}]'vl = {(ng‘)’ Ggi)) }Z]il are picked:

Pick 9@ = {Wii), Agi), BY)} assuming the uniform distribution.
Pick sgi) ~ ng)<sgi)), where 7T§i) (n) corresponds to P (S1 =n).
Let wgi) = Bfi)(sgi), o01), where BY) (n,m) corresponds to P(O; = m | St = n).

Normalize wgi) to get wt(i)

Algorithm 2: Resample.
YN
Repeat until N particles {ﬁglk)} are picked:

ip=1

Pick pgi) = {(sgi), 9?)} ~ wt(i) from {pgi)}il, with replacement.

Denote this pgi) as ﬁgi’“) = (égi’“), ét(”“)) Let ﬁ)gi’“) = +.

Algorithm 3: Find the next set of samples.
OhGN
Repeat until N particles {pt }._1 are picked:
Let Hgi) = {Wf), Agi), Bf@} = éﬁ’fl) + €, where € is any small noise.
e () (@) (k) (2 _ _
Pick s;7 ~ A;7 (5,%1,s; ), where Ay(m,n) corresponds to P (S; =n | Si—1 =m).
Let pgi) = (sy), 9,@).
Let wt(i) = u?t(z_’“l)Bt(l) (sgi), ot).

(4) (4)

Normalize w; ’ to get w, ’.

Note that the noise used in Algorithm 3 is used to make the particles to spread over the

space.
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5.2. Results. With state space size m4 = 2, 300 parameter sets 6;,7 = 1,2,...,300
are randomly chosen, and, using each 6;, one set of state and observation sequences of
length 20 are generated. Then the particle filter estimations are found using 500, 1000,
5000, and 10000 particles, and the Euclidean distance between the least square estimate
éLS,i and the particle filter estimates have been computed. Figure 3 shows a part of the
results of this experiment. The Euclidean distances between the exact LSE and its particle
filter approximation are plotted for 61,05, ...,60190 and for the two types of particle filter
estimates, one using 500 and the other using 10000 particles.

The average distances found are approximately 0.424, 0.322, 0.240, and 0.250,
while the average variances are 0.216, 0.531, 0.886, and 1.241, for the cases 500, 1000,
5000, and 10000 particles used, respectively. On average, as expected, the distance
tends to go down as the number of particles increases. To get the idea of how close
the LSE and its particle filter approximation are; for example, if the exact LSE is
OrLs = (a,b,z,y,7) = (0.64,0.30,0.33,0.63,0.60) and the particle filter approximation of
LSE is Opp = (0.62,0.32,0.47,0.51,0.44) then the distance is approximately 0.246.

Similar experiment is implemented with the state space size ma = 5. The average
distances between the particle filter estimation and LSE estimation found are approximately
0.626, 5.725, and 5.202, while the average variances are 1.116, 1.182, and 1.208 for the cases
500, 1000, and 5000 particles used, respectively. Again, as the number of particles increased,
the distance decreased as in the case of m 4 above; however, the variance stayed almost the
same. See Figure 4 for the distances with the first 100 6 values and for the particle number
500 and 5000.

Further experimental results about the particle filter method, in comparison with

the B-W and LSE estimations, are shown in Chapter 4 below.
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Figure 3. The distance between the exact LSE estimation and the particle filter approxima-
tion of LSE for the cases 500 particles are used (cross) and 1000 particles are used (circle)
when myg = 2.
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CHAPTER 4

Comparing the Maximum Likelihood Baum-Welch

Algorithm with Least Square Estimation

Shown in this chapter are some of the simulation results that compares the B-W,

LSE, and the particle filter estimation.

1. Does Baum-Welch Algorithm Maximize the Likelihood?

The answer to the above question depends on the observation sequence the likelihood
is about; i.e., whether it is the likelihood of the observation sequence that is used for the

parameter estimation or of any observation sequence that is generated by the actual HMM.

1.1. Yes, the Baum-Welch Algorithm maximizes the likelihood. As a result
of experiments described below, we found the B-W algorithm does maximizes the likelihood
for a given observation sequence the majority of the time.

1.1.1. Correlation Coefficients. Five hundred values of 6;, ¢ = 1,2,...,500 are ran-
domly picked and one set of state and observation sequences of length 30 are generated
for each 4, which we denote as 03’30. Then, 40 B-W estimates éi(j), j=1,2,...,40, of

0; are found using randomly picked initial estimates for each i. After grouping the initial
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estimates that converged to a same estimate, say 0;(k) for some k € {1,2,...,40}, the cor-
relation coefficient of the likelihood, P (02‘1 30 | él(k)>, and the number of initial estimates
that converges to éz(k:) are found. This value would approximate the correlation coefficient
of the fixed point 9}(/{:) and the size of its basin. See Figure 5 for the results. Although
the overall average correlation coefficient is approximately 0.55 over the estimates for 500
observation sequences 03 30 that are generated using 0;, you can see the values are positive

and high most of the time. In fact, 33.6 percent of the time the correlation coefficient is

higher than 0.9.
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Figure 5. Correlation coefficients of P (01’30 ] é) and the number of initial values that

converge to 6

A typical case in which the basin for the fixed point with the highest likeli-
hood is dominant is shown in Figures 6 and 7. A parameter set 0 = (a,b,z,y,7) =
(0.64,0.36,0.58,0.87,0.61) is used to generate length-30 transition and observation se-
quences. Out of 5° = 3125 initial parameter values used, which are picked with equal
distance to each other for the purpose of plotting, 1497 converged to a fixed point

6y =~ (0.40,0.36,0.00,0.00,1.00), while other 1497 converged to a fixed point Oy =~
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(0.36,0.40,1.00, 1.00,0.00), which is in symmetry to 6.

The fixed point 6 is plotted as a large filled-in circle, and its corresponding initial
parameter points are plotted as a small dot. Since the y- and r-values are chosen to be close
to this 8y, you can see the initial points that converge to this fixed point are very dominant
in the view in Figure 6. If we move the ranges for y and r away from 6y by 0.2, then the
initial points that converge to 50, plotted with a start mark, start to appear on the edge in
Figure 7. Also, it is typical that the fixed point has some coordinates 0 or 1.

The likelihood P (017” | 00) =P (Olvn | ég) ~ 4.5 107 is the highest compared to

the one with other fixed points, and so the B-W has maximized the likelihood for this case.

= 0.5

a

(a) top view (b) side view

Figure 6. A fixed point (a big dot) and the initial values that converge to the fixed point
(small dots) with 0 < y < 0.2 and 0.8 <7 < 1.

Incidentally, the LSE for the same observation sequence is éLS = (0.67, 0.30, 0.48,
0.55, 0,50) and the corresponding likelihood P (OL” ] éLS> is approximately 1.0 1079, while

with the true parameter 6, we have P (Ol’” | 0) ~0.91077.
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= 0.5

(b) side view

Figure 7. The initial values that converge to a fixed point shown in Fig. 6 (small dots), and
the initial values that converge to another fixed point in symmetry (stars) with 0.2 <y < 0.4

and 0.8 < r < 1.
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(a) a view from a-axis

likelihood

(b) a view from b-axis

Figure 8. The distribution of likelihood P (01’20 | éBW> and a fixed point 0 pw (pointed by

an arrow), where z-, y-, and r-values are fixed as equal to those of the fixed point.
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1.1.2. Distribution of Likelihood. A typical distribution of the likelihood near a fixed

point is shown in Figure 8. An observation sequence
o =(1,1,1,1,0,1,0,0,0,1,0,0,1,0,1,0,0,1,0,0)

is generated using the parameter set § = (a, b, z,y,r) = (0.86,0.23,0.45,0.57,0.52), and the
B-W algorithm found two fixed points with the largest basin, which are éBW = (a,b,z,y,7)
~ (1.00,0.70,0.66, 1.00,0.00) and its corresponding point in symmetry. The size and shape
of the basin for this fixed point is very similar to the one shown in Figures 6 and 7, though
the HMM used for each experiment (i.e., f-values) are different. We see that, at least if x-,
y-, and r-values are fixed as those of 0 Bw, it found the absolute maximum P (01’20 | éBW>
~ 8.89107%. Furthermore, we see the fixed point is on the border, which is very usual for
the B-W estimators, and which results in having almost-zero likelihood values for other
observation sequences that are generated by the same 6, quite often. This issue of almost-
zero probability is discussed later.

1,20 is éLS = (aab,%yﬂ") ~

The LSE for the above observation sequence o
(0.66,0.33,0.58,0.55,0.48), and P <01’20 | éL5> ~ 1.10107%. Figure 9 shows the likelihood

distribution near this estimate.

1.2. No, the Baum-Welch Algorithm does not maximize the likelihood.
In the preceding section, we found that the B-W algorithm does maximizes the likelihood
of a given observation sequence most of the time. However, if more state and observation
sequences are generated, using the same HMM, then the likelihood for these observation
sequences is higher with the estimates obtained by the LSE algorithm than with the ones

from the B-W algorithm the majority of the time; furthermore, the likelihood with the
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Figure 9. The distribution of likelihood P (01’20 | éLg) and a fixed point 0pg (pointed by

an arrow), where z-, y-, and r-values are fixed as equal to those of the fixed point.

estimates obtained by the B-W algorithm are extremely close to zero also the majority of
the time. Some of the simulation results are described below.

An original two-state hidden Markov model has been randomly chosen. Let this
parameter set be #. Then a set of transition and observation sequences, si’n and o', is
generated using 0, where n = 20 and 40. The corresponding LSE, 0L is found, and Baum-
Welch estimates with randomly chosen 30 initial estimates égl), 1=1,2,...,30, are found.
Among those 30 Baum-Welch estimates, the one with the largest basin, Opw is chosen.
Furthermore, a particle filter estimation Opp is made using 10,000 particles.

Then, using the same parameter set 6, twenty more sets of transition and observation
sequences of length n are generated, and the corresponding likelihood P(ojl.’n ] 9), ] =
1,2,...,20, are found, where § = {éLS,éPF,éBw} are the estimates obtained from the
originally generated observation sequence.

Figures 10 and 11 are one example of the results. Three likelihood values on the
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leftmost vertical line is the likelihood found for the original observation sequence o"™. As
you can see, in general, except for the likelihood with the original observation sequence,
the LSE estimate often has higher likelihood compared to the B-W estimate, while the
likelihood for the Baum-Welch estimates often stays almost zero. Meanwhile, the likelihood
given the particle filter estimate stays almost the same for any sequences when the sequence
length n is 20. When n = 40, the particle filter estimate happens to be very close to the
LSE estimate; so, the likelihood values given these two estimates are almost identical.

The behavior of these three estimates varies depending on the true parameter values
of HMM; however, this example is one of the typical cases.

As for the example shown in Figures 10 and 11, the true parameter set used is § =
(a,b,z,y,7) = (0.22,0.14,0.39,0.37,0.90). In the experiment of length-twenty sequences,

the original state sequence is
s%?% =(0,1,1,0,1,0,1,0,1,0,0,1,0,1,0,0,1,0,1,0)
and the original observation sequence used to have the estimates is
o?Y =(1,0,1,0,1,1,1,1,1,1,1,0,0,1,1,0,1,0,0,1);

the LSE estimate éLg, the particle filter estimate épF, and the Baum-Welch estimate éBW

are

01 ~ (0.643,0.323,0.367,0.589, 0.511),
Opr ~ (0.642,0.318,0.479,0.467,0.500), and
Opw ~ (0.497,0,0.549,1,0);

and the likelihood values with the original observation sequence are P(o'?° | 61, 5) ~2.24976,

P(ob | fpp) ~ 096275 and P(ob2 | Oy ) ~ 6.03976. The average likelihood over the
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twenty additional observation sequences are approximately 1.0737¢, 0.95276, and 2.386~°
for éLS, épp, and éBW, respectively.
In the experiment implemented with the sequence length fixed as 40, the original

state sequence generated (from the same 6 above) is

s+ =(0,1,0,1,0,0,1,0,1,0,1,0,1,0,0,0,1,0,1,0,

1,0,1,0,0,1,0,1,0,1,0,0,1,1,0,1,0,1,1,0)
and the original observation sequence is

ot =(1,0,1,0,1,1,0,1,1,0,0,1,1,0,0,1,0,0,1, 1,

0,1,1,0,1,0,1,0,0,1,1,0,0,1,0,0,1,1,1,0).

With the same § = (a,b, z,y,r) = (0.22,0.14,0.39,0.37,0.90), we got the LSE estimate OLs,

the particle filter estimate épF, and the Baum-Welch estimate éBW are

015 ~ (0.615,0.289, 0.486, 0.541, 0.502),
Opp ~ (0.641,0.324,0.463,0.489,0.461), and

Opw ~ (0.333,381,1,1,0);

the likelihood values obtained for the original observation sequence are P00 | 0.5) ~
0.963712, P(o™40 | fpp) ~ 0.936712, and P(6"* | Opw) ~ 9.1957'2. The average likeli-
hood over the twenty additional observation sequences generated using 6 are approximately
0.963712,0.935712, and 9.195712 for éLS, épF, and éBW, respectively.

Similar results can be seen with the larger state space size. Figure 12 shows a typical
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result with m4 = 5. The true parameter set used is

0.203 0.237 0.400
0.085 0.072 0.634
A=10661 0.066 0.068

0.401 0.097 0.286

0.478 0.273 0.128

0.003 0.157
0.168 0.041
0.088 0.117
0.048 0.168
0.111 0.010

0.726

0.180

0.938

0.259

0.838

0.274

0.820

0.062

0.741

0.162

and, using this 0, a state sequence and an observation sequence are generated for estimation,

which are s16 = (1,3,2,0,2,0) and o%® = (0,1,0,1,0,0). Then, a particle filter estimation

and a B-W estimation are found. As for the particle filter method, 1000 particles are used.

As for the B-W estimation, 30 randomly generated initial theta values are used, then the

estimate with a largest basin is chosen. The estimates obtained are as shown below.
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Opr:
0.301 0.474 0.091 0.058 0.076 0.733 0.267
0.459 0.152 0.149 0.130 0.109 0.413 0.587
APF ~ 10588 0.118 0.054 0.124 0.116 BPF ~ 10.569 0.431
0.606 0.184 0.100 0.024 0.086 0.661 0.339
0.531 0.161 0.154 0.145 0.009 0.496 0.504
Opw:
0.500 0.500 0.000 0.000 0.000 1.000 0.000
1.000 0.000 0.000 0.000 0.000 0.000 1.000
Apw ~ 0.000 1.000 0.000 0.000 0.000 Bpw ~ 1.000 0.000
0.000 1.000 0.000 0.000 0.000 1.000 0.000
0.000 1.000 0.000 0.000 0.000 1.000 0.000
Then, 20 more sets of state and observation sequences, 0'(1),01%(2),...,0%6(20) are gen-

erated using the same parameter set 6, and the likelihood values for these sequences,
P (01’6(1') | épp) and P (01’6(1') | éBW>, 1=1,2,...,20, are obtained.

Though the B-W estimate maximizes the likelihood of the original observation se-
quence P (0176 | é), and though it reaches a very high likelihood occasionally also with the
20 additional observation sequences, more often it gives almost zero likelihood values for
the additional sequences, basically because the estimates are on the border of the parameter
space.

In order to see how often the likelihood is close to zero with the estimates from the
B-W algorithm, 300 parameter sets 6;, ¢ = 0,1,...,300, have been randomly generated,
then for each 6;, one set of state and observation sequences of length 20 is generated. Then,

for each of these 300 observation sequences, say 0; ’20, the LSE is found. Also, for each
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i, a particle filter estimate is made using 5000 particles, and one B-W estimate with the
largest basin among 30 initial estimate values is chosen. Denote them as O5g(i), Opp(i),
and Opy (7). As expected, the likelihood given the B-W estimate, P (0;’20 | éBW(i)), is
greater than the likelihood with the LSE, P (02’20 | éLS(i)>, for allt=0,1,...,300.
Then, 20 more sets of state and observation sequences are generated, using each 6;.

Denote these observation sequences as 011 ’20(j), 7 =1,2,...,20; which indicates 6; is used

to generate 0;’20(1), 03’20(2), cee 0%’20(20).

First, the average likelihood value among 300 - 20 = 6000 of P <0L20(j) ] éLs(z’)>,

i
P (01-1’20(j) | épp(z')), and P (02-1’20(]') | éBW(i)> are approximately 0.001427, 0.000001, and
0.012064, respectively. So, the B-W estimates are about ten-times better than LSE esti-
mates, and 10000-times better than particle filter estimates in this aspect. However, if we
consider any likelihood less than 1075° as zero, while LSE nor particle filter method never

gives zero likelihood values for any of the additional observation sequences, approximately

21 percent of the time the B-W estimates give the likelihood value zero. Figure 13 shows
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number of times the likelihood of an observation sequence goes to zero given the B-W esti-
mate for each of 300 HMM with 6;. (For example, if you see the vertical bar reaching the
top of the window, the likelihood of the observation sequence given the B-W estimate is
zero for all the additional 20 observation sequences for that particular HMM.) As you can
see from this figure, although the B-W estimate gives a very high likelihood for some of the
sequences and so the average likelihood is still higher than that of the LSE, more often, it
gives very small likelihood values.

As a result, if we count the number of times one estimate gives the highest likelihood
value, about 47 percent of the time the likelihood of the observation sequence given the LSE,
P (01-1720(]') | éLS(z’)), 1=1,2,...,300 and j = 1,2,...,20, is the highest among the three,

followed by 29 percent by B-W estimates. Meanwhile, about 63 percent of the time, the

likelihood given the corresponding B-W estimates is the lowest among the three.
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HMMs (total = 100)

Figure 14. The Euclidean distance between the true parameters and their estimates (se-
quence length = 20)

A result from another kind of experiment is shown in Figure 14 agrees what we have

so far. One hundred 6;, i = 1,2,...,100, are randomly chosen, then for each 6;, a set of
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state and observation sequences are generated. Using 30 randomly chosen initial estimates,
B-W estimates are obtained and also LSE estimates 675(i) are found for each 4. Then,
as before, the estimates with the largest basin, éBW(i), is chosen to be used. The Euclid-
ean distance between the true parameter and these parameter estimates are plotted. The
distance between B-W estimates and the true parameters (plotted with a dashed line) is
consistently larger than that between the LSE estimates and the true parameters. We can
see that maximizing the likelihood for a particular observation sequence would not neces-
sarily result in finding a parameter estimate that is the closest among estimates obtained

by other methods.

2. Jacobian of Baum-Welch Computation

Using the iterative formula shown in Section 2, some experimental results for HMM
of state space size two have been obtained.

Three thousand observation sequences are randomly generated, and for each of those
sequences one initial value of the estimate is randomly chosen, which is then used to find the
corresponding B-W estimate. With the sequence length 20, the mean of the determinant of
the Jacobian matrices was approximately —1 - 1075 with variance approximately 1 - 1077,
and the highest entry value of the Jacobian was approximately 70.

As for the eigenvalues, out of 3000 Jacobian matrices, 2491 have at least one eigen-
value that is less than 0.0001 in magnitude, among which 188 have at least one zero eigen-
value, 196 have at least one eigenvalue that is greater than one, and 471 have at least one
pair of imaginary eigenvalue.

Per matrix (among five eigenvalues), the mean of the number of eigenvalues that is

less than 0.0001 in magnitude is 1.857, of the number of zero eigenvalues is 0.068, of the
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number of eigenvalues that is greater than one is approximately 0.074, and of the number of
pairs of imaginary eigenvalues is 0.157; while the overall mean of the real-value eigenvalues
is approximately 0.286.

The meaning of these numbers is as follows:

e The fact that most of the time most eigenvalues are greater than zero but less than
one implies that the convergence of the algorithm is “linear”; i.e., the distance to the

fixed point decreases exponentially.

e The fact that some percentage of time there is an eigenvalue larger than one suggests
strongly that there are numerical “fixed points” of the B-W algorithm which represent
close approaches to a saddle point along a stable manifold. As the B-W algorithm
is implemented by iteration of a continuous mapping, it is evident that such saddle

points exist; e.g., on the boundary of basins of attraction.

e The fact that imaginary eigenvalues exist suggest that in some numerical “fixed
points” are either very slowly converging to local maxima of the likelihood or else

may not be local maxima at all.



CHAPTER 5

Conclusions

The Baum-Welch algorithm is widely used for parameter estimation of hidden
Markov models. Although its advantages are clear, its shortcomings, such as the “over-
fitting” and the difficulty in making the algorithm online, are also discussed and some
modified versions are proposed in various papers. On the other hand, the LSE estimation
has largely been disregarded in the literature; we suppose mainly because of the cost of
the implementation. However, experimental results presented here show that the quality of
parameter estimates obtained by LSE estimation is too high for the method to be ignored
entirely. The LSE estimates are simply much closer to the true parameter values than the
B-W estimates most of the time.

As for the computational complexity of the LSE estimation, the algorithm introduced
in this paper provides significant complexity reduction with respect to the sequence length.
However, it is still exponential in the dimension of the state space. Hence, for the state
space size up to four or five, we consider the LSE estimation to be feasible, while for
the larger state space size, we recommend an approximation for the LSE estimation; for
example, a particle filter estimation. The basic particle filter method applied here provides
approximations to the LSE estimates. An improvement in both the exact LSE estimation

and its approximation should be studied further.
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