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Least Square Estimation of a Hidden Markov Chain Parameters

Junko Murakami and Thomas Taylor

Abstract— Among the algorithms used for the parameter
estimate of discrete-time time-homogeneous Hidden Markov
Models (HMM), Baum-Welch (B-W) algorithm, which is
used to find the maximum likelihood estimate, is by far
the most popular algorithm. However, one of its well-known
shortcomings is an “overfitting” problem: it tends to fit the
observation sequence well but not so much the HMM which
generated the sequence, when the data size is small.

Experiments show the least square error (LSE) estimator
(or Bayes estimate) outperforms the B-W algorithm in such
occasions. Although the computational complexity for the
LSE estimator could be very high with a naive approach,
we have shown that a polynomial complexity in the data
size (with still exponential complexity in the state space
size) can be achieved using an algorithm proposed in this
paper, making the LSE estimation quite feasible in various
applications.

Keywords— hidden Markov models, Baum-Welch algo-
rithm, least square error estimate, Bayes estimate

. INTRODUCTION

sequence, does not have such problem. Compared to what
could typically be obtained using the B-W algorithm,
the LSE estimates are remarkably closer to the actual
parameters in such case.

Furthermore, while the B-W algorithm has a strong
dependency on the initial parameters chosen, the LSE esti-
mator is consistent, needs only one time computation, and
can be obtained using a deterministic formula. However, if
it is obtained in a naive way, the computational complexity
increases exponentially with respect to the length of the
observation sequence. The algorithm that we introduce
here reduces this complexity to polynomial in the sequence
length, while it is still exponential in the state space size

1. HIDDEN MARKOV MODELS

In a discrete-space HMM, we have two sequences of
states: a Markov chain state sequenég, S, Ss,...,
and the observation sequeneey, O5, Os, ..., where the
subscripts represent the corresponding discrete tirffibe

HMMs are of considerable interest for science andates of the Markov chain cannot be observed (are hidden),
for various applications. They consist of a Markov chaiRyile the observed states depend on them.

with “hidden” states and emissions that are statistically 1, simplify the expressions, les*/

(Si7 Si+17

dependent on the states but can be observed. The model S;) and 0™ = (0;,0;

. . .. - . BRERESY - iy i1,
is parameterized by two conditional probability matricesy,q following properties:

the transition and emission matrices. These models are

..,0;). The model has

widely applied in various fields such as speech recognition P(Sy41|OM, ST = P(S;41]Sy) (@))
[9], [10], [11], [16], gene analysis [14], [15], [19], image and

and pattern recognition [5], [6], [13], magnetic recording

channel analysis [1], precipitation models [20], hearerat P(O,|OYt=1 ot bn ghny — P(O,]S;) 2

variability [8], and so on. ] ]

The B-W algorithm [2], [3], one implementation of the for any 1 < ¢ < n. The first property (1) is a property of
Expectation Maximization (EM) algorithm [7], [17], is & Markov chain: the probability of transition from a state
used in numerous HMM applications. However, amon@t timet, Si, to the next stateS:., depends only on the
some of its well-known limitations [7], [12], it has an current stateS; and not on any pr_|9r states. The second
“overfitting” problem: it selects parameter values whichProPerty (2) shows that the probability of the observecestat

have a high likelihood for the given observation sequencg: &t time ¢ depends only on the current Markov chain
but which could have quite low likelihoods for otherStateS:, and not on any other states of the state sequence
observation sequences generated by the same model, 7@ On any other observed states (see Fig. 1). In this paper
sulting in a lack of stability in its estimated paramete®e consider the state space= {0,1,...,m — 1}, for
values. In particular, the parameter values that maximiZ&P™Me non-negative integer, and the emission state space

the likelihood are often far away from the true parameteréoa 1}. . .
when the data set is small. Hence, to describe a HMM, we need two probability

On the other hand, the LSE estimate, which is the exaffatrices, anm x m transition matrixA = {a;;}, where

expected value of the parameter set given an observatién = P(Stt1 = j | 50 = i), and anm x 2 emission
matrix B = {b;,}, whereb,, = P(O; = u | S; = 1i);

J. Murakami is with School of Mathematics, Statistics and Caerpu plus a vector for the initial state of the Markov chain=
Science, Victoria University of Wellington, PO Box 600, \liegton 0T T . = P(S; = 1). wherei.j € £ and
6001, New Zealand unko. mur akam @cs. vuw. ac. nz (7o, 1’1 ’ m*é.)’ 21 Wi (I I h ), 'J f HMM

T. Taylor is with Department of Mathematics and Statisticsizama % € {07 } (See 9. ) e let the parameter set for
State University, PO Box 871804, Tempe, AZ 85287-1804, USA bed = {r, A, B}.
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Fig. 1. A Markov chain state sequend&®:,S2,S3,...) and the
observation sequencé1,02,0s,...)
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Fig. 2. Transition and observation probabilities when= 2.

[1l. LEAST SQUARE ESTIMATION

What we compute here is the exact value of the LSE

(Bayes) estimaté = E (9 | OY") = [0 P (6| O'™) db.

A. Formula for Expected Parameter Values

Using Bayes formula, assumirtgto be uniformly dis-

tributed (i.e., lettingP(#) = 1), and taking the marginal

distribution of O™, we have

1 n n
IGED) > /GP(SL,OL 16)do  (3)

Sl.n EQn

é:

where(),, is the set of all possible values 6f-".

Now, by the properties of HMMs, the value of the
integration above depends only on the following quantities

k;; = {number of timesS; = ¢ and S;1 = j}

(4)
and
l;n, = {number of timesS; = ¢ and O; = u}.

()

Let K be anm x m such thatK = {k;;}, and L be an
m X 2 matrix such thatL = {/;,}. Here the values of
and L depend on each value 6" < (,, and a particular

have the following:

pO"™ = Y /P (St 00" | 6) db
StneQ,
1 Pm—-1  DPm-—2
L Y6y Y
StneQy,, im—1=0 %pm_2=0
p1
Tt Z gm—l7 1(I’rn—1) gm—2, 1(I’rn—2)
i1=0
g () - g2(1), (6)
where
m—1
Lio! Ui !
f=1L) g(lioﬂiwl)!’ (7)
m—1 m—4 Pk(j)
G=G(K)= T > areti)| ®)
k=0 |j=—1 i=0
. (—=1)"pe(5)!
0(2,7) = = - : - , (9
9400-0) = G = Mg 5 717D )
(=1)%py!
Iy) = ——= - , and 10
gia (L) k! (Pr — k) or(Ik) (10)
(¢1(11) + doo)! Po!
L) = Z 11
92(h) (¢1(11) 4 doo + po + 1)! (11)
for Iy, pr(7), pr, and ¢y (1)) defined as
Ik = (ikaik’—‘rla'"’im—27i7n,—1)7 (12)
m—1
pk(i) = Z dk-j +17+1, (13)
j=m—i—2
m—1
Pr=pr(m—3) =Y di; +m—2, and (14)
j=1
m—1
Sn(Ie) = > (djo+ij) +m—k.  (15)
=k

In above, terms in the product or summation which upper
index is less than the lower index should be set to 1.
Since [ P (S, 0™ | §) df is actually a function of
k;; andl;, once Ob™ and St™ are fixed,i,j € £ and
u € {0,1}, we let ®(K,L) = [P (Sh", 0% | 6) db.
(Recall{d;;} are just relabeled entries &f.) Furthermore,
define K;; (or L;,) as the matrix that is obtained by first
copying K (or L) then incrementing the entry on thith

O''™ observed. For notational convenience, we first defineow and jth column (oruth column) by one. Then the

d;; such thatd;; = k;; if and only if j = ¢ + 7 in modulo
m, which makesi;, the diagonal element in th¢h row of

the matrix K. For the sake of simpler expression, we let
= % for all i € ¢ (although it is easy to formulate the
estimate forr). Furthermore, in order to avoid “averaging
up” the probability distribution by symmetrically equiv- and
alent states, we evaluate the integrals under a condition

a;ii > a;y1,+1 forall i € {0, 1, ..., m —2}. Then, we

estimates are obtained as follows:

o = 2svrea, PKiy, L)
Y Ysineq, (K L)

o _ e, O L)
X:S'L"GQ,L (I)<K’ L)

(16)

17)
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Example with m = 2:

With the state space size = 2, the above expressions

become much simpler. Since the indices for the inside

multiplication of G, from j = —1 to m — 4, is decreasing
if m = 2, we have neithe6 nor g, in our final formula,
which is

k1o
1 N gai
POY™) =5 > > (el (18)
sbineQ,, i=0
where
1
Lol lin!
o lolla! 19
d E)(li0+lil+l)!’ o
. (—=1)%k10!
_ , and 20
) = T T G £ 1) 20
. ' |
goli) = (koo + iy + i+ ko, (21)

(n— kio + i+ 1)!

The estimates can be obtained using (16) and (17); how-

The above implies thak’ and L can be determined by

w = {Km717K"L_L”L_lamelﬂsluS’ﬂ}7 (23)

where K,,,_1 = (ki,ko,...,km_1), K™ 1™ 1 is K
without the first row and the first columnL,,_;
(l11,121, .-, lm—1,1), and Sy and.S,, are the first and last
states ofS!".

Now, let h,,(w) be the number of sequencé$ ™ € Q,,
that generate the same valueuwnBiven a particulaiO® ™.
The values ofh,(w) can be obtained by the algorithm
below. Given an observation sequer@é™ the algorithm
sequentially finds the values &f(w) for ¢ starting from
1 up to n. Because of the symmetry in the distribution,
note we only need to find, (w) with S; fixed (to O in
below).

ever, in order to avoid an exponential complexity withAlgorithm for finding /.,

respect to the sequence length we use the method
described below.

B. Algorithm for Polynomial Complexity

Although (6) involves a summation over the elements

Stmin Q,, which hasm™ distinct elements, multiple
number of elements if2,, correspond to the same value
of (K, L) given a particular observation sequer@é”.

First, we seeK and L can be expressed in a slightly
different way. LetV = {v;;} be anm xm matrix such that
vi; = (j —1)*~1 with 0° defined asl, and letR = {r;;}
be the inverse of’. Note V' is a Vandermonde matrix
and invertible for any positive integen. Also, letk;, i =
1,2,...,m—1, be the number ofs in S'7, and letl; be
the number of 1's ir0". Then, we observe the following
equalities:

m—1 | m—1 m—1
koo = Z Z kij — ka + Z Tji (Si + S;)
i=1 | j=1 j=1
+n—-1, (22a)
m—1
koj =— Y (kij +75iS}) + kj, (22b)
=1
m—1 .
kio =— Y (kij +7i;S)) + ki (22c)
j=1
m—1
loo =Y (ln—ki) =l +n, (22d)
=1
m—1
lop=—> la+1l, and (22e)
i=1
lio = —li1 + ki. (22f)

Let hy(wo) = 1, wherewy is anw-value such that all the
entries in the elements ia is 0.

for t from 1ton —1
with all w = (K, 1, K™~ b™=1 L, 1,0,5;) such
that h;(w) > 0.
(for the caseS;;1 = 0)
Incrementh; 1 (K1, K™ 4™ L, 1,0,0)
by the valueh;(w)

(for the caseS;;1 = 1)
for Sy4q from 1 tom — 1
Obtainw from w by incrementing
(i) ks, In K1 by oOne,
(i) ks,,s,., In K™~1™~1 by one, and
(Z’LZ) lst+171 in " by Ot+1,
then by lettingS; take the valueS,;, .

Incrementh,1 (&) by the valueh;(w).
end for
end with
end for

Let 2, = {w | h(w) > 0}. Since0 < k;; < n — 1 and
0 <l < n, while there are only limited values can
logically take (e.g.koo-value cannot exceek,, — 1, etc.),
and since the algorithm goes through eack Q,, n — 1
times, the computational complexity is less thann™
for some small constant

Example with m = 2:

With the state space size = 2, the algorithm is as
shown below. Agains; is fixed as 0.
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TABLE |
EXAMPLES OF THE OBSERVATION SEQUENCES FORSPECIAL CASES

Algorithm for finding h,, (for m = 2):

| observation sequences

000000010000001000011000.0.

Let £1(0,0,0,0,0) = 1. Case | §011001110111110111100101£
(100110111110110111100110.1)

for t from 1 ton — 1 (101111101111100101111100.1)
. 0000001000100000100110110.

with all w = (k1, k11, 011,0, 5¢) such thath(w) > 0 Case Il E0000000000000001010110006
incrementh; 11 ( k1, k11, l11, 0, 0) and (1010100000000111011001110)

hooi(kr 1. k S, 1 1) 0. 1 (1111111101101101111111111)
byﬁ;ﬂ;m&?&;'“ 1+ O, 0, 1) (0000100001010000000000001)

t Caselll | (0000001000000000000000101)

end for (1011001110111001011110100)
(1101110111111111111101111)

(0I01010101010101010101010)

IV. RESULTS CaselV|(011010110101010101010100.0)
(1110111111000000000000010)

The two estimators, the B-W and LSE, are compared in (1111111111111111111110111)

the following way:

A. Experimenting with Special-Case HMMs Regardless of thei-values, whenbgg — bio| is small

First, we define |det(A)| as ‘small’ if —0.1 < (in Cases | and lll, and significantly so in Case 1), the
|det(A)] < 0.1 and ‘large’ if 0.9 < |det(A)] < 1. means of the root mean squar error of the LSE estimates
Similarly, |boo — b1o| @s ‘small’ if —0.1 < |boo —b1o| < 0.1  are less than those of the B-W estimates, while it is the
and ‘large’ if 0.9 < [bgo — b1o| < 1. Then, 2000-values, opposite whenlbyy — byo| is large (in Cases Il and IV,
with m = 2, are randomly picked for each of the possibleand significantly so in Case IV). Meanwhile, we see the

combinations of ‘small’ and ‘large’ values; i.e., for variance is always by far greater for the B-W estimates in
all four cases, which indicates the overfitting problem of
Case |: small det(A)| and |byg — b10| values, the B-W estimator.
Case Il: small det(A)| and large|boo — b1o| values,
Case Il: large| det(A)| and small|bgy — byo| values, @ (0) ©) C)
and = :
Case IV: large det(A)| and |byy — byo| values. Xis 115l 15l |15l -
©
Although the differences between the cases are ncs
too obvious if given just a small part of observation £
sequences, some of the observation sequences thg ! ! ! !
appeared during the simulation are shown in Table | tcg
get some idea how the sequences would look. 2
Then, using eacl#-value picked, a Markov chain se- go.s» 105} L {os} 105f
guence, then an observation sequence of lengthre 8
generated and used to find the corresponding LSE an = 5 :
B-W estimates, wheres = 50, 100, and 150. The B- o 0 0 0 &
W estimates are obtained by choosing the final estimat BW LSE BW LSE BW LSE BW LSE
that corresponds to the largest number of initial estimates (n=150)

among 15 randomly picked initial e.St'mateS' (Emp'r'cal_lyFig. 3. The root mean square error for special cases: (a) $ahetl(A)|
we see the one with the largest basin is most likely to givend|boo — b1o| values (Case I, (b) smaldet(A)| and largelboo — bio|
the maximum likelihood.) Finally, the root mean square/alues (Case ll), (c) largedet(A)| and smalljboo — bio| values (Case
errors (the Euclidean distance between the true paramet8r 314 () 1arge| det(A)f andboo = bof values (Case IV).

set and the estimate) with respect to the parameter set

(a,b,z,y) are obtained; those fon = 150 are plotted ) ) o

in Fig. 3, while the mean and variance of the errors for af®- Experimenting with wide range of HMMs

threen-values are shown in Table Il. The plots for= 50 Again with the state space size = 2 and for the
and 100 are not shown here because they are very simildength n = 150, 200 HMMs are picked in a same way
to the one forn = 150. described in the above, except that this tithealues are
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TABLE I

MEAN AND VARIANCE OF ROOT MEAN SQUARE ERRORS INSPECIAL 14 T < BW
Cases -
>
% 121 N 11.2}
_ =) x X
(@) n =50 i S 1l x X 0x 1 1t
mean variance c x X
|det(A)| | |boo — bio] BW [ LSE BW [ LSE g x % % X
small small 0.723 | 0.265 | 0.214 | 0.030 £ o08fex Xog o Te X X %708
small large 0.457 | 0.658 | 0.399 | 0.011 o . X - %
large small 0.939 | 0.736 | 0.334 | 0.010 S oofe, "0, edele ® los}
o o X
large large 0.360 | 0.594 | 0.516 | 0.081 2 o ;9. 3 ee » ‘ﬂ
T ooal <WWE, K o
(b) n = 100 o 0.4 x e e, P 0.4
mean variance ] :X o o%e x> xe {X.
|det(A)| | |boo — b1o] BW [ [SE | BW | LSE © 02} o *pe, @ o .% o102}
small small 0.689 | 0.254 | 0.207 | 0.030 X X . ML
small large 0.461 | 0.661 | 0.412 | 0.013 o= . . . 0w TsE
large small 0.884 | 0.723| 0.355 | 0.010 -1 -05 d ?A 0.5 1
large large 0.201 | 0.433 | 0.464 | 0.081 et(A) (n = 150)
(c) n =150 Fig. 4. (@) The root mean square error of the LSE (dot) and B-\0&&)
mean variance estimates that correspond to the first 100 of the 200 HMMs geedr
|det(A)| | |boo — b1o] BW [ LSE BW [ LSE are plotted against the determinant of the transition matrixand (b)
small small 06811 02731 0.236 | 0.032 the box plots of the errors that correspond to all 200 HMMsegated.
small large 0.437 | 0.684 | 0.394 | 0.014 (m=2)
large small 0.853 | 0.698 | 0.350 | 0.020
large large 0.173 | 0.464 | 0.380 | 0.083
TABLE Il
OVERALL MEAN, VARIANCE, AND MEDIAN OF ROOT MEAN SQUARE
ERRORS
randomly picked with respect to the whole range of both
the determinandlet(A) and the differencéy, — b1o. Then mean variance median
for eachd, the LSE and B-W estimates are obtained in the n BW [ LSE | BW [ LSE | BW | LSE
same method described in the above. The first 100 of the 15000 8'22471 8-3% 8-323 8'82 8-332 g-igg
resulting root mean square errors are plotted in Fig. 4(@) 150 || 0443 | 0.418 | 0351 | 0032 | 0.380 | 0.418

and the box plot that corresponds to those for the entire
200 HMMs is shown in Fig. 4(b).

We see that on average the LSE estimates are closer to
the actual parameter set used (by43 —0.418 = 0.025 in the data size is small. Furthermore, with the algorithm we
the mean) and also significantly more stable (b351 —  provided here, the computational complexity is polynomial
0.032 = 0.318 in the variance), compared to the B-win the length of the observation sequence, while it is still
estimates. exponential with respect to the state space size.

In addition, under the same condition, the errors are Hence, we would recommend the LSE estimator in place
found also fom = 50 and100. See Table Il for the results. of the B-W estimator for applications with limited data
Again, we see that the length of the observation sequensiZe, provided the state space size is small enough. Because
does not significantly effect the error for this rangengf of the advantages of the LSE estimator, we believe further
and the LSE estimator outperforms the B-W estimator fogtudy on this matter, mainly to further improve the compu-
all n with respect to the mean and significantly to thdational complexity of the LSE, could be quite worthwhile
variance. in order to expand the range of suitable applications.

As for the complexity reduction, for example, whenr=
100, we found|€2,,| ~ 110,800 < d2'° = |Q,|, where
the reduction ratel ~ 8.741072%, on average over 200
observation sequences generated from 200 HMMs.

B. Future Works

While, in this paper, the observation state space size
is restricted to 2, and the conditional probability for the
V. CONCLUSIONS AND FUTURE WORKS observation sequence is kept constant; the current algo-

i rithm can be extended so that the observation state size is
A. Conclusions any integer in general, and various probability functions,

Empirically, the LSE estimates are much closer to theuch as a Poisson distribution function, can be used for the
actual parameters used and also more stable, comparedbservation sequence in place of the observation matrix, as
the ones typically obtained by the E-M algorithm wherong as the observation state space is discrete.
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As for the Markov chain state space size, the simulatiorie] R.I.A. Davis, B.C. Lovell, and T. Caelli, “Improved estiran
in this paper is focused only on the size = 2. While
there are many applications that can utilize models with
state space size 2 [4], [18], [21], more empirical study on
the LSE of HMMs with Iarger state space size would bel?]l A.D. Dempster, N.M. Laird, and D.B. Rubin, “Maximum likelbod

meaningful. However, at the moment, it is still relatively

time consuming because of the higher computational comis]
plexity whenm > 2.
There are two possible ways that we could consider i 9]
order to improve the current method of finding the LSE:
one is to refine the way to implement the current algorithritOl
by the choice of the programming scheme and/or of the
type of a processor to implement it on; another is to use
an algorithm other than the one introduced in this papef1]
e.g., particle filter methods.
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